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ABSTRACT
A survey i s  given o f the li te r a tu r e  concerning the sca tter in g  
p rop erties o f  in f in i t e  plane wire gratings when illum inated  by plane 
electrom agnetic waves. As an in trod u ction , a summary o f the a p p lica tion s  
o f  wire gratings i s  included . A d escrip tion  i s  given o f some a lte r n a tiv e  
methods o f  tr e a tin g  the sc a tte r in g  problem, with p a rticu la r  reference to  
the ap p lica tion  o f Green’s function  to  the s in g le  cy lin d er and i t s  
ap p lica tion  to  the plane gra tin g . The lite r a tu r e  concerned with m ultip le  
grating  configurations i s  a lso  surveyed.
A p o la r isa tio n  cascade matrix i s  derived which describes the  
transm ission o f a normally in c id en t e l l i p t i c a l l y  p o la r ised  wave through 
a grating  o f  p a r a lle l  w ires whose angle i s  arb itrary . The terms o f  
the matrix contain the w e ll-e s ta b lish e d  complex r e f le c t io n  and tran s­
m ission c o e f f ic ie n ts  for a l in e a r ly  p o lar ised  plane wave in c id en t  
upon a gratin g . Hence the m atrix can be adapted fo r  gratings o f  s tr ip s  
or w ires o f  n on -circu lar c r o ss -se c t io n .
The product o f  a s e r ie s  o f  m atrices representing a s e r ie s  o f  gratings  
whose w ires are a t  d iffe r e n t  angles to  a fix ed  d irec tio n  g ives  the t o t a l  
complex transm ission and r e f le c t io n  c o e f f ic ie n t s .  The r e s u lts  are shown 
to  be in  agreement with prev iously  published work on a double grating  
system and experim entally v e r if ie d  for configurations o f  two and f iv e  
g r a tin g s . These r e s u lts  confirm th a t such a s e r ie s  o f  gratings can be 
used to design e ith e r  broad-band p o la r isa tio n  ro ta tors  for lin e a r  
p o la r isa t io n , or broad-band c ircu la r  or e l l i p t i c a l  p o la r ise r s  or an a lysers. 
A sharp resonance r e f le c t io n  condition  when gratings are separated by 
approximately h a lf  a wavelength can a lso  be used in  the design o f  frequency 
f i l t e r s .
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INTRODUCTION
D if f ra c t io n  g ra tin g s  were f i r s t  used by F raunhofer e a r ly  in  th e  
n in e te e n th  cen tu ry  in  connection  w ith  th e  s c a t te r in g  o f  l i g h t  waves.
In  h is  in v e s t ig a t io n s  in  th e  f i e l d  o f  s p e c tr a l  a n a ly s i s ,  F raunhofer 
s p l i t  l i g h t  in to  i t s  c o n s t i tu e n t  co lo u rs  by producing s id e  waves. Since 
th a t  tim e , as a r e s u l t  o f  t h e i r  s c a t te r in g  p ro p e r t ie s ,g r a t in g s  have been 
used in  many ways, p a r t i c u la r ly  a t  ra d io  and microwave freq u en c ie s  where 
th e  d i r e c t  waves have proved to  be o f  g r e a te r  i n t e r e s t  than  th e  s id e  
waves.
By a s u i ta b le  cho ice  o f  th e  s iz e  and spacing  o f th e  conducting 
w ires forming th e  g r a t in g ,  n e a r  p e r f e c t  r e f le c t io n  can be ach ieved . This 
has im portan t im p lic a tio n s  in  the  design  o f  ra d a r  r e f l e c to r s  where 
conducting sh e e ts  cou ld  be used to  ach ieve a s im i la r  r e s u l t .  However, 
th e  w eight o f  such a s o l id  sh e e t in  a d d itio n  to  th e  load ing  due’ to  
wind re s is ta n c e  and w eather c o n d itio n s  in  g e n e ra l,  make such la rg e  
s c a le  r e f l e c to r s  im p ra c tic a l .  G rid r e f le c to r s  a re  th e re fo re  more s u i ta b le .
A ltb i 'n a tiv e ly  i t  may be conven ien t to  s i t e  a t r a n s m it te r  and antenna 
a t  ground le v e l  w h ils t  s t i l l  appearing  to  tra n sm it from a source a t  th e  
top  o f  a tow er. A p lan e  g ra tin g  r e f l e c to r  can be used as a sim ple m irro r  
to  r e f l e c t  th e  v e r t i c a l ly  d ir e c te d  r a d ia t io n  from th e  ground source and 
cause i t  to  pi'opagate in  th e  re q u ire d  d i r e c t io n .
The r e f le c t io n  p ro p e r t ie s  o f  g ra tin g s  allow  them to  be used as  
s h ie ld s ,  bo th  to  p rev en t o u ts id e  r a d ia t io n  e n te r in g  an enclosed  reg io n  
and to  p ro te c t  o u te r  equipment from in te r fe re n c e  due to  an in te r n a l  
e m itte r  o f  e lec tro m ag n e tic  r a d ia t io n .  F urtherm ore, w ire g ra tin g s  have 
th e  n ecessa ry  p ro p e r t ie s  f o r  th e  p ro v is io n  o f a s t r u c tu re  th a t  may need to
-  1  -
be employed to  form a boundary between reg io n s  o f  space' p a r t i c u la r ly  
w here, as in  th e  case o f  e le c tro n  tu b e s ,  i t  may be n ece ssa ry  to  r a i s e  
t h i s  boundary to  a p o te n t ia l  w h ils t  s t i l l  allow ing th e  passage o f 
e le c tro n s  through th e  boundary.
As in  o p t ic s ,  w ire  g ra tin g s  have come in to  common usage as s p e c t r a l  
a n a ly ses  in  th e  microwave and in f r a - r e d  frequency ran g es . They o f f e r  th e  
c o n s tru c tio n  o f  improved in te r fe ro m e te rs  o f  th e  F ab ry -P ero t type and th e  
dependency o f  th e  s c a t te r in g  p ro p e r t ie s  on th e  g r id  param eters in d ic a te s  
t h e i r  use as f i l t e r s .  By employing two o r  more p a r a l l e l  g r a t in g s ,  narrow  
band-pass f i l t e r s  o r  h igh  re s o lu t io n  r e f le c to r s  can be c o n s tru c te d .
I t  i s  a w e ll known p ro p e rty  o f  th e  g ra tir ig  th a t  th e  tran sm iss io n  
and r e f le c t io n  c h a r a c te r i s t i c s  a re  dependent upon th e  p o la r i s a t io n  o f  ■ 
th e  in c id e n t r a d ia t io n .  The d i f f e r e n t  am plitude and phase changes 
in tro d u ced  fo r  components o f  in c id e n t f i e l d  p a r a l l e l  and p e rp e n d ic u la r  
to  th e  g r id  w ires le a d  to  th e  tra n s m itte d  wave being  e l l i p t i c a l l y  o r ,  
in  s p e c ia l  c a s e s , c i r c u la r l y ,  p o la r is e d ,  By th e  use o f  s e v e ra l g ra tin g s  
s u i ta b ly  o r ie n ta te d ,  r o ta t io n  o f  th e  p lane o f p o la r i s a t io n  o f an in c id e n t 
l i n e a r ly  p o la r is e d  p lane wave can be e f f e c te d .  In f a c t  i t  i s  shorn 
th e o r e t ic a l ly  t h a t  by u sing  a la rg e  number o f  g ra tin g s  w ith  a p ro g re ss iv e  
angle o f  w ire  o r ie n ta t io n ,  a l in e a r ly  p o la r is e d  in c id e n t wave can be 
ro ta te d  to  any p lane o f  p o la r i s a t io n  w ith  n e g l ig ib le  lo s s  o f  power due to  
r e f le c t i o n .  This c o n f ig u ra tio n  can , in  th e  l i m i t ,  be considered  as a 
s ta c k  o f  tw is te d  w aveguides.
The impedance p ro p e r t ie s  can be fu r th e r  u t i l i s e d  a s ,  f o r  exam ple,
f IQ ]
a m atching device f o r  a d i e l e c t r i c  le n s .  Jones and Cohn . d esc rib e d  
methods o f  c a n c e ll in g  th e  su rfa c e  r e f le c t io n s  from a d i e l e c t r i c  le n s .  
A rrays o f  th in  w ires having in d u c tiv e  re a c ta n c e s  were used to  s im u la te  a'I
q u a r te r  wave m atching la y e r ,  th e  su rfa c e  m atching being  ob ta in ed  by 
p la c in g  w ires A/ 8  in s id e  th e  le n s .
In  th e  m olecu lar method o f d e sc rib in g  th e  e lec tro m ag n e tic  t r a n s ­
m ission  c h a r a c te r i s t i c s  o f a g r a t in g ,  i t  i s  assumed t h a t ,  when i r r a d i a te d  
by a p lane wavej th e  g ra tin g  elem ents each acq u ire  e l e c t r i c  and m agnetic 
d ip o le  moments. The g ra tin g  i s  th u s  analogous to  a d i e l e c t r i c  in  which 
th e  d iam agnetic m olecules have been rep la c e d  by in d iv id u a l  w ire s . This 
analogy does, o f c o u rse , mean th a t  th e  w ire ra d iu s  i s  sm all compared
to  w ire spacing  to  reduce in te r a c t io n  e f f e c t s ,  and, in  tu r n ,  th e  w ire
[12]spacing  i s  sm all compared to  w avelength . Golden and Smith use a
s in g le  g ra tin g  as a method o f  s im u la tin g  a  th in  plasm a s h e e t ,  o f  th e  type 
encountered  in  some aero -sp ace  a p p l ic a t io n s .
. . [42]T re n t im  m odified  th e  g ra tin g  by in s e r t in g  elem ents p e r io ­
d ic a l ly  along th e  g r id  w ires and such g r id s  have s in c e  been used in  
e lec tro m ag n e tic  l e n s e s . Twersky sums up th e  a id s  to  s tudy  by a n a ly s is  
o f th e  th ree -d im e n sio n a l a r ra y  as rang ing  from th e  e x p lo ra tio n  o f  c r y s ta l  
s t r u c tu r e  by X -rays to  th e  design  o f  p r a c t i c a l  microwave components.
In  a d d itio n  to  t h e i r  use as an open-mesh r e f l e c t o r ,  as a lre a d y  
m entioned, g ra tin g s  have been w idely used in  connection  w ith  work 
in v o lv in g  an ten n ae . The p re se n t s tudy  was i n i t i a l l y  m otivated  in  
connection  w ith  so lv in g  the  problem  o f  m odify ing , w ith o u t l o s s ,  th e  
p o la r i s a t io n  o f  an o th e rw ise  f ix e d  p o la r is e d  an ten n a ; a p ro p o sa l w hich, 
as f a r  as th e  author i s  ax^are, o r ig in a te d  w ith th e  Antenna Group o f  A .S .W .E., 
a t  Cosham. A b ic o n ic a l  horn i s  a good example o f  such an an tenna .
I t  can be seen th a t  th e  p r a c t i c a l  uses o f  g ra tin g s  in  g e n e ra l,  and 
g ra tin g s  c o n s is t in g  o f  c i r c u la r  c y l in d r ic a l  w ires  in  p a r t i c u l a r ,  a re  
c o n s id e ra b le . Some r e s u l te d  from th e o r e t ic a l  s tu d ie s  and some, in  tu r n ,
-  3 -
/m o tiva ted  a more exac t a n a ly s is .  R ela ted  work was done throughout th e  l a s t
ce n tu ry , covering  Poissons m olecu la r model o f  m agnetic in d u c tio n ; i t s
[7 ] [20] [31]a p p lic a t io n  to  d ie l e c t r i c s  by Faraday , K elvin , M ossotti and
fft] [24]C lausius , th e  work on th e  index  o f  r e f r a c t io n  by Lorentz ' and
[25] iLorenz 5 and f i n a l ly  th e  s c a t te r in g  by a r ra y s  o f spheres and
[33]c y lin d e rs  as in v e s t ig a te d  by R ayleigh
,  l 2l ]This spans th e  work done up to  th e  tu rn  o f th e  cen tu ry . L a m b ' s  
com putations o f  th e  tran sm issio n  and r e f le c t io n  c o e f f ic ie n t s  o f a g r id  
w i l l  form a s t a r t i n g  p o in t fo r  a survey  o f  th e  a n a ly t ic a l  methods 
developed, w ith  some re fe re n c e s  to  p a r t i c u la r  au th o rs  whose works a re  
e i th e r  o u ts ta n d in g  o r good i l l u s t r a t i o n s  o f a p rocedu re . Thlis covers 
m ainly th e  s in g le  grid, problem b u t a few re fe re n c e s  to  th e  a n a ly s is  of 
a m u ltip le  g ra tin g  assem bly w i l l  a lso  be mnde^ Some r e s u l t s  a re  l i s t e d  
and a re  compared f o r  accuracy  and s u i t a b i l i t y  o f  use  in  th e  m a trix  
r e p re s e n ta tio n  developed. This 4  x 4  m a trix  i s  d e riv ed  to  d esc rib e  th e  
g r a t in g ,  when il lu m in a te d  by a p lane  e lec tro m ag n e tic  wave, in  term s o f  
th e  o r ie n ta t io n  o f  i t s  c o n s ti tu e n t  w ires and th e  r e f le c t io n  and t r a n s ­
m ission  c o e f f ic ie n ts  o f  th e  g ra t in g .  More e x p l i c i t l y  th e se  c o e f f ic ie n ts  
a re  formed from a knowledge o f  th e  g ra tin g  param eters  and th e  in c id e n t 
w avelength . Taking th e  analogy o f  a tran sm iss io n  l i n e ,  a m u ltip le  
g ra t in g  c o n fig u ra tio n  i s  re p re se n te d  as a cascade o f such m a trices  
in te r s p e r s e d  w ith  spac ing  m a tr ic e s .
The v a l id i t y  o f  assum ptions in h e re n t in  a tra n sm iss io n  l in e  
d e s c r ip t io n ,  th e  m a trix  re p re s e n ta tio n  i t s e l f  and th e  term s used th e r e in ,  
i s  checked e m p ir ic a lly  f o r  s in g le ,  double and f iv e  g r id  c o n f ig u ra tio n s . 
D e ta ils  o f  th e  equipment and th e  experim en ta l te ch n iq u es  employed a re  
g iv en , to g e th e r  w ith  p r a c t i c a l  c o n s id e ra tio n s  o f  th e  d i f f i c u l t i e s .
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CHAPTER I
THE SINGLE GRATING : THEORY
1.1  In tro d u c tio n
I f  an o b s ta c le  o r  c o l le c t io n  o f o b s ta c le s  i s  p laced  in  th e  p a th  
o f  an e lec tro m ag n e tic  wave, t h i s  prim ary wave induces charges and 
c u rre n ts  upon th e  su rfa c e  and even w ith in  th e  o b s ta c le ,  depending upon
I
th e  n a tu re  o f  th e  o b s ta c le .  These charges and c u r re n ts  a c t  as th e  source 
o f  secondary waves, th u s  m odifying th e  t o t a l  f i e l d  t h a t  would have e x is te d  
a t  a g iven p o in t in  th e  absence o f th e  o b s ta c le s .  The s c a t te r in g  problem  
i s ,  th e re f o r e ,  to  determ ine th e  m odified  f i e l d .  A con tinuous i n f i n i t e  
monochromatic p lane  wave w i l l  be taken  as th e  prim ary  e x c i ta t io n .
The problem i s  to  f in d  a so lu tio n  to  th e  a p p ro p ria te  wave eq u a tio n , 
app ly ing  boundary c o n d itio n s  a t  th e  o b je c t o r  o b je c ts  and en su ring  th e  
s a t i s f a c t io n  o f  r a d ia t io n  c o n d itio n s  a t  la rg e  d is ta n c e s  from th e se  
o b je c ts .  The boundary co n d itio n s  ta k e  in to  c o n s id e ra tio n  th e  shape o f  
th e  o b s ta c le s ,  th e  dim ensions and such p h y sica l, c h a r a c te r i s t i c s  as th e  
n a tu re  o f  th e  m a te r ia l  from which th e y  a re  made. The l im i ta t io n  o f o u t­
going waves a t  i n f i n i t y  s p e c if ie s  th e  form o f th e  s c a t te r in g  r a d ia t io n .
The wave eq u a tio n , d e riv e d  from Maxwell’ s eq u a tio n s , d e sc rib e  th e  e l e c t r o ­
m agnetic p ro p e rty  o f  th e  media in  which th e  o b s ta c le s  have been p la ced .
1 .2  G eneral c o n s id e ra tio n s
A s in g le  o b s ta c le  p laced  in  th e  p a th  o f an e lec tro m ag n e tic  wave i s  
e x c ite d  s o le ly  by th e  prim ary  wave. S im ila r ly  a c o l le c t io n  o f o b s ta c le s  
can be co n sid ered  as being  e x c ite d  i n i t i a l l y  s o le ly  by th e  prim ary wave, 
and each in d iv id u a l  o b s ta c le  as r a d ia t in g  i t s  f i r s t  o rd e r o f  s c a t t e r in g .
' \
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However, each o b s ta c le ,  in  response  to  th e  in c id e n t f i r s t  o rder s c a t te r in g  
from th e ,o th e r  o b s ta c le s ,  w i l l  r a d ia te  i t s  second o rd e r o f  s c a t t e r in g .  
S im ila r ly  in  response to  second o rd e r  s c a t te r in g ,  each o b s ta a le  w i l l  
r a d ia te  i t s  t h i r d  o rd e r o f  s c a t t e r in g ,  and so on. Thus f o r  each s c a t t e r e r ,  
an i n f i n i t e  s e r ie s  can be generated* I t  would be co n v en ien t, in  
c o n s id e rin g  th e  case o f  m u ltip le  s c a t t e r in g ,  to  assume t h a t  th e  so lu tio n  
fo r  th e  s in g le  s c a t t e r e r  case o f  th e  component s c a t t e r e r s  i . e .  a s in g le  
i s o la te d  doniponent o b s ta c le ,  id  known* This s o lu tio n  could  th en  be 
consid ered  as  a param eter in  th e  m u ltip le  s c a t te r in g  problem .
Id e a l ly ,  th e  c o n tr ib u tio n  o f th e  in d iv id u a l component s c a t t e r e r s  
to  th e  t o t a l  s c a t te r e d  f i e l d  shou ld  be sep a ra ted  from th e  c o n tr ib u tio n  
which i s  dependent on th e  p a r t i c u l a r  co n fig u ra tio n  form ing th e  m u ltip le -  
body s c a t t e r e r  i . e .  an i n f i n i t e  p lane g ra tin g  o f  o b je c ts  in  th e  p re se n t 
ca se . The r e s u l t s  would then  be g en era l in  as much as t h e i r  form would 
h o ld , w hatever th e  p a r t i c u la r  in d iv id u a l  s c a t t e r e r  invo lved . I t  I s  o f te n  
p o s s ib le  to  o b ta in  s o lu tio n s  o f  t h i s  form by th e  im p o sitio n  o f 
r e s t r i c t i o n s  on th e  param eters such th a t  th e  s in g le  s c a t t e r in g  ap p ro x i­
mation i s  s u f f i c i e n t ly  a c c u ra te . The form o f  th e  r e s u l t  i s  th e re b y  
reduced to  th e  s o lu tio n  o f  an is o la te d  s in g le  s c a t t e r e r  p lu s  a m u lti­
p l ic a t io n  f a c to r  re p re s e n tin g  th e  a r ra y  o f  s im ila r  s c a t t e r e r s .  This can 
be a u s e fu l approach bu t Twersky [48] [49] l a t e r  very  com prehensive
s tu d ie s ,  avoided such r e s t r i c t i o n s ,  p re fe r in g  th e  g en e ra l case o f  r e ta in in g  
th e c o n f ig u ra tio n  components independen tly  o f  th e  s in g le  s c a t t e r e r  te rm s. 
Having done t h i s ,  he th e n  o b ta in ed  s p e c if ic  s o lu tio n s  by in s e r t in g  th e  
re le v a n t ranges o f param eters  fo r  p a r t i c u la r  s in g le  s c a t t e r e r s .
C onsider th en  any c o n f ig u ra tio n  o f  s c a t t e r e r s ♦ The c o n fig u ra tio n  i s  
s p e c if ie d  by p o s i t io n  v e c to rs  to  p o in ts  0 1 1  th e  s c a t t e r e r s .  The g en e ra l 
approach i s  to  re p re s e n t th e  s c a t te r e d  f i e l d  as an in te g r a l  over some
su rfa c e  which bounds th e  reg io n  e x te rn a l  to  a l l  o f  th e  s c a t t e r e r s . '  This 
i s  done by th e  a p p l ic a t io n  o f  G reen 's  theorem bo th  to  th e  f r e e  space G reen 's  
fu n c tio n  and to  th e  re q u ire d  s o lu tio n  to  be found in  t h i s  re g io n . For 
a s in g le  s c a t t e r e r  t h i s  su rfa c e  c o n s is ts  Of th e  su rfa c e  o f th e  s c a t t e r e r  
and a su rfa c e  a t  i n f i n i t y ,  and le a d s  to  th e  re p re s e n ta tio n  o f th e  s c a t te r e d  
f i e l d  as a s in g le  su rfa c e  in t e g r a l .  S im ila r ly  f o r  a  c o n fig u ra tio n  o f  
s e v e ra l s c a t t e r e r s ,  t h i s  su rfa c e  can be considered  as a number o f  in d iv i ­
dual components, each co in c id en t w ith  th e  su rfa c e  o f  a s in g le  s c a t t e r e r ,  
p lu s  o f  course  th e  su rfa c e  a t  i n f i n i t y .  This le ad s  to  a s c a t te r e d  f i e l d  
re p re s e n ta tio n  as a sum o f  su rfa c e  in t e g r a l s ,  th e  term s o f  which are  
th e  e lem entary  s in g le  s c a t t e r e r  waves. By th e  a p p lic a t io n  o f boundary 
co n d itio n s  a t  each o b je c t ,  a s e t  o f  coupled in t e g r a l  eq u a tio n s  f o r  th e  
f i e l d s  on a l l  s c a t t e r e r s  i s  o b ta in e d . Provided th e se  can be ev a lu a te d  
and th e  n ecessa ry  in te g r a t io n  can be perform ed, th e  t o t a l  f i e l d  i s  
a v a i la b le .
In g e n e ra l i t  i s  found th a t  th e  case o f a s in g le  s c a t t e r e r  le ad s  
to  in t e g r a l  eq u a tio n s  which cannot be so lv ed . The ex cep tio n s  a re  cases 
in  which th e  s c a t t e r in g  su rfa c e  c o in c id es  w ith  one o r  more o f  th e  
c o -o rd in a te  su rfa c e s  o f  a c o -o rd in a te  system in  which th e  wave equation  
i s  s e p a ra b le . The s o lu tio n s  th e re b y  o b ta ined  a re  i n f i n i t e  s e r ie s  o f 
s p e c ia l  fu n c tio n s  which a r e ,  h o p e fu lly , ta b u la te d .  Simple c losed-fo rm  
s o lu tio n s  whose term s c o n s is t  o f  e lem entary  fu n c tio n s  a re  even few er in  
number. However by app ly ing  lim ite d  ranges o f  param eters  and th e reb y  
ju s t i f y in g  any a n a ly t ic a l  approxim ations n e c e ssa ry , th e  scope o f  t h i s  
tech n iq u e  has been broadened.
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1 .3 . G reen’s theorem  ap p lie d  to  .the s in g le  s c a t t e r e r
To i l l u s t r a t e  th e  a p p l ic a t io n  o f G reen’s theorem  to  th e  problem , 
th e  p a r t i c u la r  case  o f  a s in g le  c i r c u la r  c y lin d e r  w i l l  be ta k en . C onsider 
then  a p lane e lec tro m ag n e tic  wave in c id e n t upon a p e r f e c t ly  conducting 
c y lin d e r  o f  ra d iu s  a and p o la r is e d  p a r a l l e l  to  th e  a x is  o f th e  c y lin d e r  
(see  f i g .  1 .1 ) .  The system  i s  e s s e n t i a l ly  tw o-dim ensional i . e .  
independent o f  th e  z c o -o rd in a te . The e l e c t r i c  f i e l d  a t  any p o in t r ,  
where r  i s  a  tw o-d im ensional v e c to r  from the  o r ig in  to  any given  p o in t ,  
i s  th e  sum o f  th e  in c id e n t and s c a t te r e d  f i e l d s .
Ex ( r )  = E“ c ( r )  + Eao a t ( r )  (1 .1 )
o r, s in ce  tw o-dim ensional s c a la r s  a re  being  d e a l t  w ith  ,
= ^ inC(£) + ^ S° a t ( r )  ( 1 . 2 )
Now ^ ( r )  s a t i s f i e s  th e  u su a l s c a la r  wave equation
V2\ j ) ( r)  + k 2\ p ( r )  = 0  ( 1 . 3 )
where k = 2tt/X
and X -  w avelength.
S im ila r ly  i t  i s  p o s s ib le  to  d e riv e  a fu n c tio n , a tw o-dim ensional 
s c a la r  Green fu n c tio n  in  t h i s  c a se , which s a t i s f i e s  th e  inhomogeneous 
s c a la r  wave eq u a tio n .
V2 G ( r , r ! ) + k2 G ( r , r ’ ) = -  S ( r - r ’ ) ‘ (1 .4 )
where th e  inhomogeneous term  i s  th e  D irac d e l ta  fu n c tio n  which i s  d e fin ed
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Grating of infinite parallel wires
5 ( r - r * ) = 0 (rj^ J  ) (1 .5 )
;+co
f ( r ’ ) S ( r - r ' ) d r '  = f ( r )  ( 1 . 6 )
*  _oo ,
fo r  a r b i t r a r y  fu n c tio n  f  or
.+co
6 ( r ^ - r ') d r T = 1  (1 .7 )
—00
fo r  f  c o n s ta n t and equ a l to  u n i ty .
A pplying G reen 's  theorem  to  i|Kr) and G(_r,,r ’ ) th e  fo llow ing  i s  o b ta in ed
[G (rT , r ) ( V ’2 +k2 )(K r’ ) -  i p ( r '  )(V t 2 +k2 )G (r ' , r ) ] d T
v
= [G (r' sr )  ■ ^ r ^ ( r ’ ) -  K r * )  ~ - r  G (r ' , r )3 d s ’
S1+S2 3n -  -  3n
(1 .8)
where d s f i s  an elem ent o f th e  su rfa c e  S which bounds th e  volume t ,  
and i s  taken  in  th e  d i r e c t io n  o f  the.outw ard norm al. The su rface  S 
ex tends over th e  su rfa c e  o f th e  s c a t te r in g  c y lin d e r  S l 9 and a c o n c e n tr ic  
c y lin d e r  S2 o f very  la rg e  r a d iu s .  Using eq uations  1 .3  and 1 ,4  and th e  
p ro p e r t ie s  o f  th e  D irac fu n c tio n s  (eq u a tio n s  1 .5  to  1 .7 ) ,  th e  l e f t  hand 
s id e  o f  eq u a tio n  1 .8  reduces to  ij>(r). The r ig h t  hand s id e  i s  reduced 
by n o tin g  th a t  ij)(r) = 0  when r  l i e s  on th e  su rfa c e  o f  th e  s c a t te r in g  
c y l in d e r .  Equation 1 .8  th e re fo re  reduces to  th e  fo llo w in g .
by th e  r e la t io n s
-  1 0  -
lp(v)  -
SI
G (r’ 9 r )  ifj(r' ) d s !
S2
9£ )  g f r  ) -  <K*Lf ) *”g r  G(ri’ 9r ) ] d s '  (1 .9 )
The R.H.S. can be fu r th e r  reduced using  equation  1 .2  in  th e  i n t e ­
g r a l  over S2  which becomes
S2 [G (r* 9r )  ^ inG( r ’ ) -  ^ in C ( r ’ ) G (r’ , r ) ] d s ’
S2
S^Cat(r! ) - S^cat(r') G(rf 9'r)3ds'3n
incThe f i r s t  in t e g r a l  reduces to  \jj ( r )  and th e  second in t e g r a l  i s  
ze ro  due to  th e  r a d ia t io n  c o n d itio n s  i . e .  th e  asym pto tic  behav iour o f  
th e  in te g ra n d  as r* 00. Equation 1.8  th u s  becomes'
\ } j ( r )  = / n c ( r )  +
SI
GQl’ >£) 3^T ^ ( £ f )d s l (1 .10)
The term  ^ ( r 1) o r  grad  iK rj ) can be rep la ced  by a c u rre n t d i s t r ib u t io n  
term  s in c e  th e  s c a t te re d  f i e l d  i s  due to  th e  induced c u r re n ts  on th e  
su rfa c e  o f  th e  c y lin d e r . Equation 1 .10 can th e re fo re  be w r it te n  as 
(u s in g  p o la r  c o -o rd in a te s )
$ ( r )  = i|iin c ( r )  +
2tr
I ,  ( < p ' ) G ( v ' , r ) d
o
(1 . 11)
where i s  p ro p o r tio n a l to  th e  c u rre n t d e n s ity  a t  th e  p o in t ( a 9(j>f ) due 
to  th e  in c id e n t wave p ro p ag a tin g  in  th e  d ire c t io n  cj>1 9  o r  u sing  p o la r  
co -o rd in a te s  th roughou t
iH p ,*) = -I-
2 tt
I  (<{>' )G (a9<|>! ;p 9<£)d<]> ’ 
o V1
1 . 1 2 )
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Having o b ta ined  t h i s  in te g r a l  e q u a tio n , th e  nex t s tep  i s  to  
ev a lu a te  th e  unknown c u r re n t d i s t r i b u t io n .  This can be done by app ly ing  
th e  boundary co n d itio n s  w hich, as  a p e r f e c t ly  conducting  c y lin d e r  i s  
being  c o n s id e re d , a re  th a t  th e  component o f e l e c t r i c a l  f i e l d  p a r a l l e l  
to  th e  o b s ta c le  i s  ze ro . S ince th e  case  o f th e  in c id e n t wave being- 
p o la r is e d  p a r a l l e l  to  th e  c y lin d e r  a x is  i s  being  co n s id e re d , th e  t o t a l  
e l e c t r i c  f i e l d  a t  th e  c y lin d e r  su rfa c e  is  th e re fo re  ze ro .
s o lu tio n  back in to  eq u a tio n  1 . 1 2  and c a rry in g  out th e  n ecessa ry  i n t e ­
g ra t io n ,  th e  d i f f r a c t io n  f i e l d  iKp<}>) can be determ ined . Two p o in ts  
o f d i f f i c u l t y  a r i s e  however. These a r e ,  f i r s t l y ,  th e  so lu tio n  o f 
equ a tio n  1 .1 3 , and, second ly , th e  e v a lu a tio n  o f equ a tio n  1 .12 once 
I ,  ( cf>1) i s  d e term ined .
The tw o-dim ensional G reen’s fu n c tio n  must s a t i s f y  th e  wave equ a tio n  
1 .4  and th e  u su a l r a d ia t io n  c o n d itio n  i . e .  i t  must re p re s e n t  outw ardly  
p ro p ag a tin g  c y l in d r ic a l  waves a t  la rg e  d is ta n c e s  from th e  c y l in d e r .  I t  
fo llow s th a t  th e  s u i ta b le  Green*s fu n c tio n  i s  a Hankel fu n c tio n  o f  th e  
f i r s t  k ind .
o Y1
o r
o y l
27T
I (<|>’ )G(a,<J>f j.a,<j>)d<f>’ 
* 1
= -  exp[ikacos(^-({)1)] (1 .1 3 )
G ( r ,r  ’ ) = “  H ^ ( k | r - r ? | ) (1 .1 4 )
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Papas [32] showed t h a t ,  fo r  norm al in c id e n c e , th e  f i e l d  s c a t te r e d  in
th e  d i r e c t io n  o f th e  in c id e n t wave i s  g iven by
s c a t 2 e x p (ik a ) £ en
J  (ka) n
l r n ------
n=o H (ka) n
where en = 1  f o r  n = o
and en = 2  fo r  n /  o
This i s  o b ta in ed  fo r  th e  low frequency case 1 1 1  which th e  c u r re n t induced
on th e  c y lin d e r  can be co n sid ered  as being  independent o f  <ju
1 .4 . The problem  o f  m u ltip le  s c a t t e r e r s
Having d e a l t  w ith  th e  g e n e ra l approach fo r  a s in g le  s c a t te r in g  
o b je c t ,  a t te n t io n  i s  now focu ssed  on a c o n fig u ra tio n  o f  s e v e ra l s c a t t e r e r s .  
Twersky c l a s s i f i e s  th e  methods o f  o b ta in in g  a re p re s e n ta t io n  o f  th e  
m u ltip le  s c a t te r e d  f i e l d s  in to  th re e  d i f f e r e n t  a n a ly t ic a l  p ro ced u res .
These are  b r i e f l y  co n sid e red .
The f i r s t  method c o n s is ts  o f  so lv in g  th e  boundary value problem
fo r  th e  compound body c o n f ig u ra tio n . As might be expected  i t  i s  o f
lim ite d  u se , and g iv es  s o lu tio n s  fo r  p e r io d ic  a rra y s  whose p r o f i l e  I s
a sim ple s in u s o id , o r  more g e n e ra lly ,  an i n f i n i t e  s e t  o f  such s in u s o id s .
[33]R ayleigh , fo r  exam ple, used a F o u rie r  s e r ie s  to  re p re s e n t h is  
p e r io d ic  g ra tin g  p r o f i l e . More re c e n t au tho rs  have employed more complex 
F o u rie r  s e r ie s  and in t e g r a l s ,  th e  in d iv id u a l s c a t t e r e r s  being co n sid ered  
as th e  s p e c t r a l  components and le ad in g  to  r a p id ly  converging approxim ations 
when param eters le a d in g  to  an e s s e n t i a l ly  s in g le  s in u so id  are  chosen.
A lte rn a t iv e ly ,  as  p re v io u s ly  m entioned, th e  s c a t te r in g  c h a r a c te r i s t i c s  
a re  ob ta ined  f a t 'th e  case o f  an is o la te d  s in g le  o b je c t .  Having done t h i s .
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th e  f i e l d  on any in d iv id u a l  s c a t t e r e r  i s  assumed to  be composed o f  th e  
prim ary wave and th e  t o t a l  s c a t te r e d  f ie ld s  from th e  o th e r  o b je c ts ,  as 
y e t  unknown.
F in a l ly  a  p rocedure in  which su ccess iv e  i t e r a t i o n s ,  corresponding
to  su ccess iv e  o rd e rs  o f s c a t t e r in g  o f  th e  prim ary wave may be used . These
l a t t e r  two m ethods, b a s ic a l ly  th e  same b u t in  s l i g h t ly  d i f f e r e n t  form s,
d i f f e r  from th e  f i r s t  method in  as much as th e y  i s o la t e  th e  in d iv id u a l
s c a t t e r e r fs s o lu tio n  from th a t  o f  th e  c o n f ig u ra tio n a l e f f e c t s .
[171Ignatowsky 1  J g iv es  an example o f  th e  second approach , and Twersky,
riikl r 1151 r 45!
in  h is  papers p u b lish ed  ih  1952 L L 1  , employed th e  i t e r a t i v e
approach .
1 .5 . The p lane g ra tin g
A tte n tio n  w i l l  now he confined  to  th e  s o lu tio n  o f  th e  s c a t te re d  
f i e l d  f o r  a p a r t i c u la r  c o n f ig u ra tio n , an i n f i n i t e  p lan e  g ra tin g  o f 
c i r c u la r  c y lin d e rs  o f  a r b i t r a r y  dim ensions. S o lu tio n s  o f th e  s e r ie s  o r 
c losed-fo rm  ty p es  have been o b ta in ed  in  th e  l i t e r a t u r e  f o r  th e  cases
where (a )  th e  c y lin d e r  ra d iu s  and g ra t in g  spacing  co n s ta n t was la rg e
compared to  th e  r a d ia t io n  w avelength and (b) th e  g ra tin g  param eters a re  
sm all compared to  w avelength . Again a t te n t io n  i s  f u r th e r  r e s t r i c t e d  to  
th e  l a t t e r  case although  some o f  th e  fo llow ing  rem ains g e n e ra lly  t r u e .
Consider then  a monochromatic p lane wave in c id e n t on an i n f i n i t e  
g ra tin g  o f  c i r c u la r  c y lin d e rs  a t  an ang le 0 to  th e  g ra tin g  norm al. The 
r e s u l t a n t  f i e l d  c o n s is ts  o f  an i n f i n i t e  s e t  o f  p lan e  waves. Some o f th e se  
are  p ropag a tin g  waves co rrespond ing  to  th e  u su a l s p e c t r a l  o rd e rs  and 
t r a v e l l in g  in  d ir e c t io n s  determ ined by th e  g ra tin g  c o n s ta n t ,  th e  wave­
le n g th  and angle o f  in c id en ce  o f  th e  prim ary wave. The rem ain ing  waves
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are  evanescent o r  su rfa c e  waves, and a re  e x p o n e n tia lly  damped normal 
to  th e  p lane  o f  th e  g ra t in g .
This i s  sim ply b u t c le a r ly  i l l u s t r a t e d  by n o tin g  t h a t  th e  phase 
d if fe re n c e  and hence c u rre n ts  induced a t  a d ja c e n t w ires i s  g iven by
kdsinG
where d i s  th e  d is ta n c e  between th e  c e n tre  o f  w ires whose ra d iu s  i s  a 
(see  f i g .  1 .2 ) .  The r e s u l t in g  s c a t te r e d  waves have p h a se -f ro n ts  whose 
norm als make an ang le  <j>n w ith  th e  g r id  norm al. <J> s a t i s f i e s  th e  r e l a t io n
sin<j>n = sinG i n - -  n = 0 , 1 , 2 , 3 .........
In  o rd e r to  o b ta in  a r e a l  s o lu tio n  f o r  » th e  fo llo w in g  co n d itio n  must 
e x i s t .
| sinG + n < 1
I f  A < d th en  some valu es  o f  n would s a t i s f y  th e  e q u a tio n , r e s u l t in g  in  
s c a t te r e d  r a d ia t io n  in  c e r ta in  d is c r e te  d i r e c t io n s .  These values r e f e r  
to  th e  d i r e c t  wave (n=0) and th e  s id e  waves (n>0). P re se n t i n t e r e s t  i s  
c e n tre d  on th e  case o f  sm all g ra t in g  param eters i . e .  d < A and hence 
n must be z e ro 9 le av in g  only  th e  d i r e c t  wave t r a v e l l i n g  in  th e  same 
d ir e c t io n  as th e  in c id e n t wave [o r (tt-Q) fo r  th e  r e f le c te d  wave]. How­
ev er th e re  i s  an i n f i n i t e  number o f  complex values o f  which a lso
r26l
s a t i s f y  th e  e q u a tio n . As ex p la in ed  by MacFarlane , th e se  correspond 
to  waves whose p h a se -f ro n ts  a re  normal to  th e  g r id  and p a r a l l e l  to  th e  
w ire s . He quotes th e  s c a t te r in g  ang les  as be ing  given by
$ = mr/ 2  ± i  a rc  cosh
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and draws a t te n t io n  to  th e  e x is te n c e  o f  th e se  complex an g les  in  th e  form 
o f  con ju g a te  p a i r s .
The su rfa c e s  o f co n s ta n t am plitude a re  p a r a l l e l  to  th e  p lan e  o f 
th e  g ra tin g  and f a l l  o f f  e x p o n e n tia lly  in  th e  d i r e c t io n  normal to  th e  
p lane  o f  th e  g ra tin g .  S ince th e s e  evanescent waves f a l l  o f f  so r a p id ly ,  i t  
seems reaso n ab le  to  assume th a t  when a number o f g r a t in g s ,  whose p lan es  
a re  p a r a l l e l ,  c/re being  co n sid e re d , th e  f i e l d  between g ra tin g s  can be 
co n sidered  as being  composed o f th e  dominant wave o n ly . T his assum ption 
i s  u t i l i s e d  in  th e  r e p re s e n ta t io n  o f a g ra tin g  by a m a trix  (see  ch ap te r  
I I I )  and i t s  v a l id i t y  te s te d  ex p erim en ta lly  (see  c h a p te r  V I I I ) ,
Having given  a p h y s ic a l in te r p r e ta t io n  to  th e  s c a t te re d  f i e l d s ,
th e  a n a ly t ic a l  p rocedures adopted to  o b ta in  th e  f i e l d  re p re s e n ta t io n s  by
v a rio u s  au th o rs  w i l l  be co n s id e re d . In  o rd er to  determ ine th e  am pli-
[ l7 ltudes  o f  such s c a t te re d  waves, Ignatowsky used th e  c u rre n t d i s t r i ­
b u tio n  on a s in g le  s c a t t e r e r  to  o b ta in  an in te g r a l  e q u a tio n . He was 
th e  f i r s t  to  co n sid e r a non-zero  ang le  o f in c id en ce  fo r  th e  prim ary wave. 
L a te r  au th o rs  have tended  to  f in d  Ignatow sky’s very  com prehensive 
in v e s t ig a t io n  somewhat g e n e ra l and th e re fo re  d i f f i c u l t  to  in t e r p r e t  
c l e a r ly .  As a r e s u l t  h is  form ulae a re  no t a f te n  used in  th e  l i t e r a t u r e .
Skw irzynski and Thackray follow ed a p rocedure  c lo se ly  r e la te d
to  th e  work o f  Ignatow sky, co n s id e rin g  a p lane wave in c id e n t a t  an 
ang le  6  to  th e  g ra t in g  norm al. The wave was p o la r is e d  such th a t  i t s  
e l e c t r i c  component was p a r a l l e l  to  th e  a x is  o f a c y l in d e r .  As in  th e  
case  o f  th e  s in g le  s c a t t e r e r ,  they  considered  an e l e c t r i c  f i e l d  component 
r )  which s a t i s f i e d  eq u a tio n  1 . 3  and vanished  on th e  su rfa c e  o f  each 
c y l in d e r .
iJKrS) = 0 o
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where r  = p o s it io n  v e c to r  to  o b s e rv e r 's  p o in t 
r  = p o s it io n  v e c to r  to  source  p o in t—o
and th e  s u b sc r ip t S denoted a p o s it io n  on th e  su rfa c e  o f  a source space 
i . e .  th e  su rfa c e  o f th e  c y lin d e rs  (see  f ig .  1 .3 ) .  The s o lu tio n  o f th e  
wave equ a tio n  was g iven  by th e  su rfa c e  in te g r a l  equ a tio n
I G (r ,r^ )  grad iJ>(r®).dS (1 .15 )J g  o v o —o
= ty ( r )  o u ts id e  c y lin d e rs  
= 0  in s id e  c y l in d e rs .
As b e fo re , th e  s u i ta b le  G reen 's  fu n c tio n  fo r  t h i s  tw o-dim ensional system 
i s  as equ a tio n  1 .14
S ' L . V  = I  • H ^ C k l r - r J )
which has s u i ta b le  s in g u la r i ty  as ry r^  and s a t i s f i e s  th e  r a d ia t io n  
co n d itio n s  as  j r - r  j->«. The t o t a l  f i e l d  i s  given by equ a tio n  1 .2 . 
S u b s ti tu t in g  eq u a tio n  1 .15 in to  t h i s  and re p la c in g  th e  g ra d ie n t term  by 
an eq u iv a len t term  g iv in g  th e  induced c u rre n t (as  in  o b ta in in g  equ a tio n  
1 . 1 1 ) 3 th e  fo llow ing  ex p ress io n  i s  o b ta in ed .
* ( r )  = >[inc(r) + |  I  j Vjklr -  ^  | ) I  U  )dA (1 .1 6 )
n vo
• , - h hwhere i s  th e  c irc u m fe re n t ia l  ang le  around th e  h c y l in d e r .  The 
s c a t te r e d  f i e l d  i s  summed over a l l  c y lin d e rs  and, i f  an i n f i n i t e  g ra t in g  
i s  assumedj each i s  a f fe c te d  in  th e  same way by a l l  o th e rs .  The F o u rie r 
expansion o f  th e  c irc u m fe re n t ia l  c u rre n t can be w r it te n  as
00
I n (<|>n) - exp.ikndcosG  £ Cgexp is$
S  =  - C Q  3 1
(1 .1 7 )
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S u b s ti tu t in g  equation  1 .17  in to  eq u a tio n  1 .16  g ives
( 2ir , ,
+ If X X Cgexp(ikndcosO ) J Hq ( k | r ~ r ^ J  )exp(is<f>n ),d«^ 
n s * o
The f i e l d  i s  com plete ly  determ ined by t h i s  and can be ev a lu a ted  
once th e  F o u rie r  c o e f f ic ie n t s  C a re  found. Skw irzynski and Thackray 
d id  t h i s  fo r  norm al in c id en ce  by app ly ing  th e  boundary c o n d itio n  th a t  
ij/(r) i s  zero  a t  th e  su rfa c e  o f a c y lin d e r  and th ey  o b ta in ed  an i n f i n i t e  
s e t  o f  sim ultaneous e q u a tio n s . By making approxim ations re g a rd in g  th e  
g ra tin g  param eters and re p la c in g  th e  i n f i n i t e  s e t  o f  eq u a tio n s  by one 
or more e q u a tio n s , th e y  o b ta in ed  su ccess iv e  o rd e rs  o f  approxim ations 
to  th e  re q u ire d  s o lu t io n .  I t  was found th a t  on ly  a sm all number o f  o rd e rs  
o f  approxim ation were n ece ssa ry .
[47] [48]Twersky , seek in g  a more t r a c ta b le  approach when s tro n g
coup ling  o ccu rs , s t a r t e d  w ith  a s e t  o f  m u ltip le  s c a t te r in g  su rfa c e  i n t e -  . 
g r a ls .  Whereas most p rev io u s  au th o rs  expressed  th e  mode am plitudes e i th e r  
as an i n f i n i t e  s e t  o f  eq u a tio n s  in  term s o f  th e  F o u rie r  components o f 
th e  g r a t in g ’s p r o f i l e  [e .g . R ayleigh] or as  an in t e g r a l  equation  fo r  
th e  c u r re n t d i s t r i b u t io n  [ e .g .  Ignatow sky]s Twersky in  h is  1956 paper 
and in  subsequent work d e riv e d  a mixed r e p re s e n ta t io n .  This c o n s is te d  
o f  bo th  in te g r a l  term s and summation te rm s, and led  to  a form which 
converged more r a p id ly .
The au th o rs  who have t r e a te d  th e  problem o f th e  d i f f r a c t io n  g ra tin g  
in  one way o r  an o th er a re  numerous. N a tu ra lly  th e  case o f  th e  e l e c t r i c  
f i e l d  p a r a l l e l  to  th e  c y lin d e rs  has been t r e a te d  more tho rough ly  th an  
th a t  o f th e  p e rp e n d ic u la r . The above o u tl in e  was an a ttem p t to  c l a s s i f y
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th e  g e n e ra l p rocedures upon which most expansions in  th e  l i t e r a t u r e  have 
been based and to  in d ic a te  th e  d i f f i c u l t i e s  a r i s in g .  D e ta i ls  o f  th e  
so lu tio n s  o b ta in ed  by a few a u th o rs  a re  g iven in  ch ap te r  IV and th e  
a c c u ra c ie s  compared.
P r io r  to  t h i s ,  however, th e  m u ltip le  g ra tin g  problem  i s  co n s id e re d . 
The re le v a n t l i t e r a t u r e  on t h i s  su b je c t i s  surveyed and d e t a i l s  a re  g iven 
o f  a method developed to  o b ta in  r e s u l t s ,  u sing  a com puter, fo r  any 
number o f  p a r a l l e l  g ra t in g s  w ith  a r b i t r a r y  w ire  o r ie n ta t io n s .
-  2 0  -
CHAPTER II
MULTIPLE GRATINGS: A SURVEY
In  ch ap te r I a survey  was made o f  th e  a l te r n a t iv e  approaches to  
th e  problem o f s c a t t e r in g  by a g ra t in g  composed o f  p a r a l l e l  c y l in d r ic a l  
co nducto rs. A few re fe re n c e s  were made to  th e  p r in c ip la l*  works on th e  
s u b je c t ,  b u t many o th e r  works e x i s t .  S u ffic e  i t  to  say  th a t  t h i s  p a r t i c u la r  
s c a t te r in g  c o n f ig u ra tio n  has been s tu d ie d  f a i r l y  th o ro u g h ly . By compa- 
r is o n  th e re  i s  a n e g l ig ib le  amount o f  in fo rm atio n  a v a i la b le  in  th e  
l i t e r a t u r e  concern ing  th e  s c a t t e r in g  p ro p e r t ie s  o f  a system  o f two o r 
more g ra t in g s .  A survey  i s  made o f  th e  e x is t in g  w orks, in d ic a tin g  th e  
methods used and th e  l im i ta t io n s  in vo lved .
Ci]Andreasen co n s id ered  th e  r e f l e c t i o n  from , and tra n sm iss io n  
th ro u g h , two p a r a l l e l  w ire  g r id s .  He considered  a  p lane  wave in c id e n t a t  
a com plete ly  a r b i t r a r y  ang le  on a w ire  g r id  which was p laced  a t  a 
d is ta n c e  from a second p a r a l l e l  g r id .  The w ires o f th e  second g ra tin g  
were in c lin e d  a t  an ang le  to  th o se  o f  th e  f i r s t ,  He s im p lif ie d  h is  
s tudy  by making th e  assum ption th a t  th e  w ire t'ad iu s  and g r id  co n s tan t 
were bo th  n e g l ig ib le  compared to  th e  wavelength o f  th e  in c id e n t f i e l d .
Thus he co n sid ered  th e  g r id s  as each be ing  an a n is o tro p ic  s u r fa c e , 
conducting  th e  c u r re n t i n f i n i t e l y  w e ll in  th e  d i r e c t io n  o f  th e  w ire s , and 
having zero  c o n d u c tiv ity  p e rp e n d ic u la r  to  th e  w ire s . This le d  Andreasen 
to  use boundary c o n d itio n s  fo r  ta n g e n t ia l  components o f  th e  f i e l d ,  namely 
t h a t  th e  component o f e l e c t r i c  f i e l d  in t e n s i ty  p a r a l l e l  to  th e  w ires 
was zero  on bo th  s id e s  o f th e  s u r fa c e ,  th e  component o f e l e c t r i c  f i e l d  
in te n s i ty  p e rp e n d ic u la r  to  th e  w ires  was continuous a t  th e  s u r fa c e , and 
th e  component o f  m agnetic f i e l d  in t e n s i ty  p a r a l l e l  to  th e  w ires  was
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con tinuous a t  th e  s u r fa c e . The f i e l d  tra n s m itte d  th rough  bo th  g r id s  
was co n sidered  th e re fo re  as b e in g  l in e a r ly  p o la r is e d .
F 3*j
Casey and Lewis d e sc rib e d  how two p a r a l l e l  g r id s  can be used 
as a microwave in te r f e re n c e  f i l t e r .  They co n sidered  a p lan e  wave 
in c id e n t a t  an ang le  to  th e  g ra tin g  norm al. The w ires  o f  bo th  g r id s  were 
p a r a l l e l ,  and p a r a l l e l  to  th e  d i r e c t io n  o f  p o la r i s a t io n  o f th e  in c id e n t * 
wave. Using th e  ex p re ss io n  d e riv ed  by MacP'arlane fo r  th e  e q u iv a le n t 
shun t re a c ta n c e  o f  a g r id ,  and a llo w in g  fo r  ohmic lo s s e s ,  they  d e riv ed  
ex p re ss io n s  fo r  th e  r e f l e c t i o n  and tra n sm iss io n  by th e  double g r id  c o n f i-  ‘ 
g u ra tio n .
Wait co n sidered  th e  r e f l e c t i o n  o f  p lane  waves from a w ire
g r id  which was p laced  p a r a l l e l  to  a conducting  w a ll ,  and showed th a t  
th e  impedance r e p re s e n ta t io n  o f log  (d/2Tra) + F as g iven by MacFarlane 
was m odified  in  as much as th e  l a t t e r  term  was a fu n c tio n  o f  ang le o f 
in c id e n c e , g r id  c o n s ta n t ,  w avelength and th e  d is ta n c e  o f  th e  g r id  from th e  
conducting  p la n e . T his he d id  by re p la c in g  th e  conducting  p lane and 
w ire  g r id  by two id e n t i c a l  g r id s  i . e .  t r e a t in g  th e  conducting  p lan e  as 
p roducing  a m irro r image. The in c id e n t  p lane wave was p o la r is e d  in  th e  
d i r e c t io n  o f  th e  w ire axes and th e  f i e l d  r a d ia t in g  from a c u r re n t c a rry in g  
w ire was taken  as th e  u su a l Hankel fu n c tio n  r e p re s e n ta t io n .  ' He summed ' 
such ex p ress io n s  fo r  a l l  w ires  o f  bo th  g ra tin g s  and by app ly in g  s u i ta b le  
boundary co n d itio n s  he d e riv e d  an ex p ress io n  fo r  th e  e q u iv a le n t shun t 
impedance. He i l l u s t r a t e d  a c i r c u i t  which he took as th e  analogue o f th e ' 
w ire  g r id  and conducting  s u r fa c e , and s p e c if ie d  param eter va lues which 
may be used to  g ive zero  r e f l e c t i o n  fo r  lo s s y  w ire s .
Von T re n t in i  used th e  ex p ress io n  d e riv e d  by MacFarlane f o r  th e
e q u iv a le n t impedance fo r  th e  e l e c t r i c  v e c to r  p a r a l l e l  to  th e  w ire  a x es . For 
th e  case  o f  two p a r a l l e l  g ra tin g s  w ith  a l l  w i r e s  p a r a l l e l ,  he used a
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tra n sm iss io n  l i n e  analogy to  d e r iv e  an ex p ress io n  f o r  th e  d is ta n c e  between 
g r id s  which gave th e  maximum tra n sm iss io n  o f th e  in c id e n t wave. He 
o b ta in ed  good c o r r e la t io n  between h is  experim en ta l r e s u l t s  and th e o r e t ic a l  
p r e d ic t io n s .
. . [19]K a p n e lia n  a lso  co n sid ered  th e  problem o f s e v e ra l  g ra tin g s
in  which th e  w ires  were a l l  p a r a l l e l  and ly in g  in  rows and colum ns, and 
in v e s t ig a te d  fo u r a l te r n a t iv e  r e p re s e n ta t io n s .  In  th e  f i r s t  method he 
drew an analogy w ith  m olecu la r media and considered  d ip o le  in te r a c t io n  
e f f e c t s  which le d  to  th e  tw o-dim ensional C la u s iu s-M aso tti r e l a t io n  o f  
m olecu lar th e o ry . Secondly he consid ered  a tra n sm is s io n  l i n e  r e p re ­
s e n ta t io n  and quoted an ex p ress io n  fo r  th e  c h a r a c te r i s t i c  impedance o f 
a  l a t t i c e  in  th e  cascad e , g iv in g  M arcuvitz and Lewin as re fe re n c e s  fo r  
th e  param eter v a lu es  in  th e  two cases  co n s id e red , a) when th e  e l e c t r i c  
f i e l d  was p a r a l l e l  to  a l l  w ires in  th e  casccide and b) when th e  m agnetic
f i e l d  was p a r a l l e l  to  a l l  w ire s .
T h ird ly  he t r e a te d  th e  two case s  from a s c a t t e r in g  v ie w p o in t9
making an i n i t i a l  assum ption as to  th e  w ire dim ensions such th a t  th e
e x c i t in g  f i e l d  was c o n s ta n t over th e  su rfa c e  o f  any w ire  c y l in d e r .  The 
t o t a l  f i e l d  a t  a p o in t was co n sid ered  as be ing  th e  in c id e n t f i e l d  p lu s  
th e  sum o f th e  s c a t te r e d  f i e l d s .  Using th e  e x p re ss io n  o b ta ined  by Papas 
fo r  th e  f i e l d  s c a t te r e d  by a s in g le  c y l in d e r ,  he o b ta in ed  th e  fo llo w in g  
eq u a tio n .
tf> = ^Qe x p (- ik z )
00 03 00 J  (ka) , x
-  I  I  J  e ( - i ) V —7~ y  H (kr)cosvG^(m d)
m ^o  ia2 ~“co v = 0  (ka)
where r  = [(m2 dm ) 2  + ~z)2P  (see  f i g .  2 . 1 ) .
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Fig 2-1 Plane wave incident upon a lattice
of cylinders
He o b ta in ed  an ex p ress io n  which he s ta te d  was ra p id ly  convergent i f  
c y lin d e r  r a d i i  were sm all compared w ith  w avelength. He was ab le  to  
w r ite  th e  s o lu tio n  fo r  th e  case o f m agnetic f i e l d  p a r a l l e l  to  th e  w ires 
w ith o u t f u r th e r  work. I t  was shown th a t  th e  s o lu tio n  was a g en e ra l 
s o lu tio n  accoun ting  fo r  h ig h e r-o rd e r  m u ltip o le s  as opposed tO 'th e  d ip o le  
C lau siu s-M o so tti r e l a t io n s .
F in a l ly  a v a r ia t io n a l  tech n iq u e  was employed in  which th e  c u r re n ts  
on th e  w ires  were e s tim a ted  r a th e r  th an  choosing t r i a l  wave fu n c tio n s . 
Again th e  r e s t r i c t i o n  o f sm all w ire  ra d iu s  to  w avelength r a t i o  was made' 
so th a t  th e  an g u la r d i s t r i b u t io n  o f  c u rre n t on th e  c y lin d e rs  could 
be considered  c o n s ta n t .
\
[ g ]
Franz considered  two o r more p a r a l l e l  g r id s ,  th e  w ires o f
which were p a r a l l e l ,  and used a s im p lif ie d  form o f  W essel’s approach,.
The e x c i ta t io n  was p rov ided  by a  p lane  wave in c id e n t norm ally  to  th e
g r id s  and p o la r is e d  p a r a l l e l  to  th e  w ire s . In  o rd e r to  o b ta in ,  as
secondary r a d ia t io n  from th e  g r id  system , th e  same sim ple fam ily  o f
d i f f r a c t io n  p a t te rn s  o b ta in ed  fo r  th e  s in g le  g r id  c a se , he made th e
assum ption th a t  a l l  g ra t in g s  had th e  same g r id  c o n s ta n t . However th e
case o f g r id s  whose c o n s ta n ts  were in  sim ple r a t i o s  was in c lu d ed . Also
in c luded  were cases  in  which th e  g r id s  were d isp la c e d  p a r a l l e l  to  each
o th e r ,  r a th e r  than  co n s id e rin g  th e  w ires as form ing rows and columns as
in  works p re v io u s ly  co n s id e red . Comparisons were made w ith  th e  e x p e r i-
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m ental r e s u l t s  o f Esau, Ahrens and Kebbel , and w h ils t  showing c e r ta in  
d if f e re n c e s ,  s a t i s f a c to r y  agreem ent was ob ta ined  g e n e ra lly .
[141Groves in v e s t ig a te d ,  bo th  th e o r e t ic a l ly  and e x p e rim en ta lly ,
th e  tra n sm iss io n  p ro p e r t ie s  o f two p a r a l l e l  g r id s  when illu m in a te d  by 
norm ally  in c id e n t p lane w aves. The w ires  o f  th e  g r id s  were a t  an
-  25 -
r 531a r b i t r a r y  ang le  to  each o ther*  Using a method s im ila r  to  W essel , , 
he c a lc u la te d  th e  tra n s m itte d  and r e f le c te d  f i e l d  fo r  th e  case o f  a 
s in g le  g ra t in g .  He a p p lie d  th e  r e s t r i c t i o n  th a t  th e  g r id  co n s ta n t was 
very  much le s s  th an  th e  w avelength , such th a t  fo r  p e r f e c t ly  conducting  
w ire s , a l l  th e  p a r a l l e l  component o f  th e  in c id e n t e l e c t r i c  f i e l d  was 
r e f le c te d .  He then  proceeded to  c a lc u la te  th e  p r o p o r t io n a l i ty  f a c to r  
o f  r e f le c te d  f i e l d  fo r  w ires o f  f i n i t e  c o n d u c tiv ity .
Having e s ta b l is h e d  th e  behav iour o f  a s in g le  g ra t in g ,  he used a 
techn ique  analogous to  tra n sm iss io n  l i n e  re p re s e n ta tio n s  by co n sid e rin g  
sim ple tran sm iss io n s  and r e f le c t i o n s  o f  th e  dominant mode o n ly . He o b ta in ed  
ex p ress io n s  fo r  th e  x and y components o f  th e  t o t a l  tra n sm itte d  f i e l d . '
This was a f a i r l y  s tra ig h tfo rw a rd  p rocedure b u t r a th e r  le n g th y , and h is  
f in a l  ex p ress io n s  were eq u a lly  long .
He follow ed up h is  th e o r e t ic a l  studj? by an experim en ta l in v e s t ig a ­
t io n  in  which he measured th e  tra n s m itte d  am plitude, b u t n o t th e  phase 
change in troduced  by th e  g ra tin g  assem bley, fo r  v a rio u s  c o n f ig u ra tio n s ,
Some r e s u l t s  a re  reproduced  l a t e r  (se e  chap. V) as they  p rov ide  a u se fu l 
com parison w ith  th e  a u th o r 's  own th e o r e t ic a l  r e s u l t s .  Groves found 
f a i r l y  good agreem ent between th e o r e t ic a l  and experim en ta l r e s u l t s .  He 
d id  r e f e r  however to  th e  assum ption , im plied  in  any tran sm iss io n  l in e
I
or s im ila r  approach , th a t  th e  f i e l d  between th e  g r id s  was composed o f  
dominant p lan e  waves o n ly , He concluded th a t  th e  r e s u l t in g  e r r o r  became 
ap p re c ia b le  as th e  w ire spac ing  approached th e  w avelength value and th e  
in te r g r id  spac ing  became le s s  than  2.5A. There i s  some doubt about 
t h i s  l a s t  f ig u re  as  Groves quoted h is  in te r g r id  spac in g  l im i t s  as two 
m illim e te rs  and fo r ty  m illim e te rs  when u sin g  a w avelength o f t h i r t y  two 1 
m illim e te rs .  I t  i s  guessed th a t  0.25A was in ten d ed .
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I t  i s  apparen t th a t  th e  e x is t in g  l i t e r a t u r e  c o n s id e rs , in  th e  
m ain 3 th e  somewhat s p e c ia l  and sim ple case o f th e  w ires  o f  a l l  g ra tin g s  
be ing  p a r a l l e l .  In  p a r t i c u l a r ,  th e  w ires a re  o f te n  taken  as form ing 
a re g u la r  l a t t i c e  o f  rows and columns o f  c y l in d e r s . This g re a t ly  
s im p l if ie s  th e  a n a ly s is  s in c e  th e  problem i s  s t i l l  e s s e n t i a l ly  a two- 
dim ensional one. Im m ediately th e  w ires o f a d ja c e n t g ra tin g s  have non­
zero  an g les  o f  in c l in a t io n s  t h i s  two dim ensional approach i s  no lo n g e r 
v a l id .  I t  i s  ev id en t th a t  a p u re ly  a n a ly t ic a l  tre a tm e n t o f th e  co n fig u ­
r a t i o n  as an e n t i ty  p re s e n ts  insurm ountable d i f f i c u l t i e s .
The way ahead th e re fo re  appeared  to  be along  l in e s  s im ila r  to  
th o se  o f  K a p rie lia n  and G roves, i . e .  a tran sm iss io n  l in e  approach. 
G roves’ ex p ressio n s were s im p lif ie d  by assuming s im ila r  g ra tin g  p a ra ­
m eters i . e .  th e  c y lin d e r  ra d iu s  and w ire spacing  was taken  as  be ing  
co n s tan t fo r  bo th  g r id s .  His p rocedure could be re p e a te d  w ithou t making 
such assum ptions bu t th e  r e s u l t in g  e x p re ss io n s , a lre a d y  le n g th y , would 
become even more unmanageable. C le a rly  th e  c o n s id e ra tio n  o f more th an  
two g ra tin g s  would invo lve  len g th y  m athem atical m an ipu la tion  and 
unw ield ly  ex p ress io n s  fo r  r e f l e c t i o n  and tra n sm iss io n  c o e f f ic ie n t s ,
A more conven ien t method was th e re fo re  sought.
As in d ic a te d  by G roves, th e  assum ption o f  dominant p lane wave 
p ropag a tio n  only  between g ra tin g s  means t h a t s fo r  tra n sm iss io n  l in e  
re p re s e n ta tio n s  to  rem ain v a l id ,  a minimum d is ta n c e  o f  s e p a ra tio n  must 
be d e fin e d . Groves found a  value  fo r  t h i s  minimum value  b u t th e  quoted,
r3Q] r gg1
r e s u l t  i s  in  doub t. Sivov , in  h is  work r e la t in g  f a r  f i e l d  in
term s o f th e  f ie ld s  a t  th e  conductor con tours and th e  g ra tin g  p la n e , 
r e c a l le d  th e  ra p id  a t te n u a t io n  o f lo c a l  waves away from th e  g r id .  He 
considered  th a t  th e  d is ta n c e  from th e  p lan e  o f th e  w ires  n ecessary  fo r  
th e  fo rm ation  o f  p lane  waves was o f  th e  o rd e r o f a g ra tin g  p e r io d .
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B earing th e  above in  mind, a  convenient tra n sm iss io n  l in e  
r e p re s e n ta t io n  was so u g h t, and t h i s  could have been m od ified , u sing  
em p iric a l v a lu e s , to  tak e  account o f  th e  sm all in t e r g r id  spacing  e r r o r  
i f  n e c e ssa ry . O bviously ex perim en ta l work was re q u ire d  to  determ ine 
any such values and to  check th e  v a l id i ty  o f  th e  tra n sm iss io n  l in e  
approach in  g e n e ra l.
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CHAPTER I I I  
THE MATRIX REPRESENTATION OF GRATINGS
3 .1 . In tro d u c t ion
Faced w ith  th e  problem o f  f in d in g  th e  tra n sm iss io n  and r e f le c t i o n  
c h a r a c te r i s t i c s  o f  a  number o f  ob lique g ra tin g s  and th e  d i f f i c u l ty  o f 
so lv in g  t h i s  problem a n a ly t ic a l ly ,  a s im pler tre a tm e n t was sought. In  
waveguide th e o ry  th e  problem o f te n  a r i s e s  o f  de term in ing  th e  tra n sm iss io n  
c h a r a c te r i s t i c s  o f  a le n g th  o f  waveguide in  which th e re  a re  s c a t te r in g  
o b s ta c le s  such as s tu b s , i r i s e s  and bends. The method norm ally  employed 
i s  to  draw an analogy w ith  a tra n sm iss io n  l i n e .  O bstac le s  can be 
co n sid e red , in  g e n e ra l,  as  m u ltip o r t  networks and th e  v o lta g e s  and 
c u rre n ts  a t  each p o r t  r e la te d  to  th o se  a t  o th e r  p o r ts  u sing  m atrix  
r e p re s e n ta t io n s .  The d i f f i c u l t y  a r i s e s  in  th e  c a lc u la t io n  o f  th e  
components o f  th e  m a tr ix . However i f  t h i s  can be done, a number o f 
o b s ta c le s  can be t r e a te d  as  being  e q u iv a le n t to  th e  m u l t ip l ic a t io n  o f  the  
r e le v a n t  m a tr ic e s , th u s  g iv in g  th e  c h a r a c te r i s t i c s  (w ith  c e r ta in  
l im i ta t io n s )  o f  th e  s t r u c tu re  a s  a whole.
I t  was re a so n a b le , th e re fo re ,  to  in v e s t ig a te  th e  p o s s i b i l i t y  o f  
re p re se n tin g  a g ra tin g  by a m a trix  and o f o b ta in in g  th e  c h a r a c te r i s t i c s  
o f  s e v e ra l g r id s  by s tra ig h tfo rw a rd  m a trix  a lg e b ra . T his ch a p te r  d e a ls  
w ith  t h i s  in v e s t ig a t io n  and th e  development o f  a m a trix  re p re s e n ta tio n  
o f th e  o v e ra l l  g ra t in g  complex.
3 .2 . Impedance and s c a t t e r in g  m t r i c e s
Free space can be reg a rd ed  as  a uniform  waveguide having i n f i n i t e  
c ro s s - s e c t io n a l  d im ensions. T his le ad s  to  th e  assum ption th a t  a t r a n s -
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m ission  l i n e  d e s c r ip t io n  o f  th e  f i e l d s  w ith in  f re e  space can be developed 
in  a manner s im ila r  to  th a t  fo r  th e  case o f  f i e ld s  in  w aveguides. As 
an exam ple9 co n s id e r th e  ex p re ss io n s  M arcuvitz d e riv e d  fo r  E.. modes
E = V. ’ x 1 -7 ===+r- e x p [ i (k  x + k v)]/ k T *  2 K ^x y
= V  J f f c exp£i(k*x + V »
E
y
VJx " y
Ez ~ e x p [ i (k xx + k^y)]
H = -  I . 1 
X 1
K
— :i z r  e x p [ i (k  x + k y ) ]
/ i7  2+k 2 K r
H = I . » ------ --
y 1 A  2tk  2 
* y
e x p [ i (k xx + k^y)]
H = 0 z
inhere kxand k^ a re  th e  waveguide numbers in  th e  x and y d ir e c t io n s  and 
w here9 as  a consequence o f  M axwell’s e q u a tio n s , th e  mode v o ltag es  and 
c u r re n ts  obey th e  tra n sm iss io n  l in e  equations
™  = -  iKZI dz
= -  iKYVdz
where K = [k 2  -  k 2 ] 5  c
S im ila r  eq u a tio n s  a re  produced fo r  th e  mode (u s in g  VJ* and I J ) .
The dominant E and H modes o b ta in ed  a re  T.E.M, xraves w ith  th e  non­
v an ish in g  components
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S im ila r ex p ress io n s  a re  used l a t e r  in  o b ta in in g  s c a t te r in g  m a trice s  
and t h e i r  r e l a t io n  to  impedance m a tr ic e s .
The f i e l d  w ith in  a waveguide w ith  no d is c o n t in u i t ie s  can be 
re p re se n te d  com plete ly  by a s in g le  p ro pagating  mode. However, to  
d e sc r ib e  th e  f i e l d  in  a waveguide in  which a d is c o n t in u i ty  e x i s t s ,  one 
re q u ire s  th e  dominant wave p lu s  an i n f i n i t e  s e t  o f non-p ropagating  modes, 
ju s t  as in  th e  case  o f  th e  g ra t in g  as  d escrib ed  in  c h a p te r  I ,  A s in g le  
tra n sm iss io n  l i n e ,  a p p ro p r ia te  to  th e  p ropagating  mode, i s  used to  
r e p re s e n t  a waveguide. Thus th e  r e p re s e n ta tio n  o f  a d is c o n t in u ity  - 
re g io n  should s t r i c t l y  r e q u ire  an i n f i n i t e  number o f tra n sm iss io n  l i n e s ,  
b u t remembering th e  evanescen t n a tu re  o f  th e  h ig h e r modes > th e  f i e l d  
co m plica tion  i s  on ly  re le v a n t  in  th e  immediate v ic in i t y  o f  th e  d is c o n t in u i ty .  
This s im p l if ic a t io n  should  be borne in  mind in  draw ing an a lo g ie s  fo r  th e  
g ra t in g .  I t  i s  th e re fo re  custom ary to  reg ard  th e  d is c o n t in u i t ie s  as  
lumped, th e reb y  in tro d u c in g  co rresp o n d in g ly  lumped d is c o n t in u i t ie s  in  
th e  doraihant mode v o lta g e s  and c u r re n ts  on th e  tra n sm iss io n  l in e  r e p re ­
s e n ta t io n  o f  th e  p ro p ag a tin g  mode which would o th e rw ise  be o f a con tinuous 
n a tu re .  D is c o n tin u it ie s  such as s tu b s ,  i r i s e s  and bends can be re p re se n te d  
by lumped e q u iv a le n t c i r c u i t s  w hich, fo r  2 -p o r t  netw orks, a re  ty p ic a l ly  
ab b rev ia ted  as
[ 2 ] 1(se e  f i g .  3 .1  and s tan d a rd  t e x t  books e .g ; C a rlin  and Giordano 1  4) .
Having a r r iv e d  a t  an impedance re p re s e n ta t io n  o f  th e  d is c o n t in u i ty ,  
i t  i s  more m eaningful to  co n s id e r f i e l d s  r a th e r  th an  v o lta g e s  and 
c u r re n ts .  I t  i s  th e re fo re  convenien t to  use s c a t te r in g  m a tr ic e s .
G e n e ra lis in g , a tra n s v e rs e  f i e l d  can be re p re se n te d  a t  a p lane 
by th e  fo llow ing
E (x ,y , 2 ; , t )  = E (xsy )e x p [i(w t -  gz)]
= f ( x ,y )  V (z9 t )  (3 .2 )
H(x9y , z 3 t )  = g (x ,y )  I ( z , t )  (3 .3 )
where f  and g a re  p u re ly  d i s t r i b u t io n a l  fu n c tio n s ,  V i s  th e  v o ltag e  
between th e  two l in e s  o f  th e  e q u iv a le n t tran sm iss io n  l i n e ,  and I  th e  
c u r re n t in  th e  l i n e s .  However V (z ,t )  and I ( z , t )  cannot be in te rp r e te d  
as v o ltag e  and c u rre n t unam biguously. For convenience th e  fo llo w in g  a re  
used
V (z 3 t )  = p ex p [i(w t -  gz)] (3 ,4 )
I ( z 9t )  = q exp[~ i(w t -  gz)] (3 .5 )
where p and q a re  th e  am plitudes o f  v o ltag e  and c u r re n t r e s p e c t iv e ly .
C onsider a f i e l d - l i k e  q u a n tity  A a s so c ia te d  w ith  th e  in c id e n t wave 
a t  th e  re fe re n c e  p la n e , and a f i e l d - l i k e  q u a n tity  B a s so c ia te d  w ith  th e  
r e f le c te d  wave such th a t
In c id e n t power = } A A* ( 3 . 6 )
R e fle c te d  power = g B B* (3 .7 )
Net power flow  = ^ (A A* -  B B*) (3 .8 )
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Fig 3'1 A two-port network : 
voltages and currfrnt s
Ai
------b il
> N>
Fig 3*2 A two-port network: 
f ie ld - l ike  quantities
- 3 3  -
A lte rn a tiv e ly
T * j  . 3 -.inc „inc*In c id e n t power = A E H2
2,m c
j
Z
=  1     ( 3 . 9 )
o
„ r e f 2
R eflec ted  Power = 5  —^ -------------------------  (3 .1 0 )
o
A and B can th e re fo re  he chosen as 
p ine
A = 2—  ( 3 .H )
f to
pr e f
B  ------------------------------------------ (3 .12 )
o
The v o ltag e  o f th e  e q u iv a le n t tra n sm iss io n  l in e  can be w r it te n  as
V = p(A + B) (3 .1 3 )
and th e  c u r re n t as
I  = q(A -  B) (3 .1 4 )
The nex t power flow  i s  given by
} Rs V I*  s J  p(A + B)q(A -  B) (3 .1 5 )
Comparing eq u a tio n s  3.8 and 3.15 
P q = 1
The choice o f p determ ines th e  c h a r a c te r i s t i c  impedance Z^ o f  th e  l in e  
Choose
p = S F  q = l/v'zT
V = /F ( A  + B) (3 .1 6 )
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I  s —- (A " B) (3 .1 7 )
o
I t  i s  convenient to  work in  norm alised  v o ltag es  and c u r r e n ts ,  and so 
in  g en era l
V = (A + B) (3 .1 8 )
I = (A -  B) (3 .1 9 )
C onsider then  th e  2 -p o rt ju n c tio n  (see  f ig s .  3 .1  and 3 .2 )
V1  = A + B (3 .2 0 a )
I 1  = Ax -  Bx ( 3 . 2 0 b)
v 2  =  a 2  +  b 2  ( 3 . 2 0 c )
I 2 = A2 ”* B2 ( 3 . 20d)
T herefo re
T " ’ " la, = i(v, + I,)  (3 .21a)
B 1  = J ( V 1  " I l ) ( 3 . 2 1 b)
A 2  = i ( V 2  + V  (3 .21c)
B2. = i ( V2  ~ I 2 ) (3 .21d)
But the  v o ltag es  and c u rra n ts  a re  r e la te d  by eq u a tio n  3 .1
\  =  4 < Z i i Z i  +  Z 1 2 I 2  +  I l )  ( 3 > 2 2 a )
Bi = i ( Z n \  + V a  " I i ) <3’22b)
A2 = * (V l  + \ z L  + I 2) ( 3 ’22C)
B2 = i (Z2l h  + *22*2 -  I2 ) ( 3 -22d)
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II t  can be seen th a t  in  g en e ra l
|a| = J(|z| + |1 | ) | I |
= i  |z + 1 | | I |
and
lBl = H z - i |1i |
|B |= |Z -  l | |Z  + 1 |-1 |A | 
o r |B |s  |s | |A |
T herefo re  | s |  = |z - l | ] Z  + l |  ^
(3 .2 3 )
(3 .2 4 )
(3 .2 5 )
.where Z i s  norm alised  to  Z 2 .o
For a tw o-po rt ju n c tio n
B1 s n S12 A1
B2 S21 S22 A2
(3 .2 6 )
o r  using  n o ta tio n  o f  f i g .  3 .3  and eq u a tio n s  3 .1 1 a 3 .1 2 , 3.26
P r e f  
L 1
p r e f
2
Su  S12
S21 S22
where IsI i s  no rm alised  to  Z . 1 1 o
m e
m e
(3 .2 7 )
I t  i s  e a s i ly  shown th a t
1 1  A + Zn  + Z2 2  + 1 (3 .2 8 )
2 Zn
12 A + Zn  + Z22 + 1 (3 .29)
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Fig 3 3 A two-port network: incident 
and reflected electric fields
Fig 3-4 T-Network: equivalent circuit
for the E f ield parallel to grating 
wires
■~3 7 ~
2 Z2 !
32 i = a + 2 n  + a22 + 1
A + 2  -  Z . , ,  -  1
_______ 22 IX
s22 A + Z j |  + Z22 + 1
( 3 . 3 0 )
(3 .3 1 )
where A = z n  -  ! „
( a l l  Z a re  now assumed to  be norm alised  to  Z )o
For a r e c ip ro c a l  network
z n  = z22
Z 12 =  Z21
Substituting in equations 3.28 and 3.31
s , , = s 
11 22
2 2 „ 2 2 ~ 1  
-  11 12 -1
.2, 2  -  Z 2  + 1 + 2 Z n  12 11
Using eq u a tio n s  3.29 and 3.30
S 12  = S 21
(3 .3 2 )
2 Z
12
z , , 2  -  z 2  t  1 + 2 Z 11 12 11
(3 .3 3 )
I t  i s  ev id en t from f ig .  3 .3  and eq u a tio n  3.27 th a t  s n  and e re p re s e n t 
th e  complex r e f le c t io n  c o e f f i c ie n t ,  and s 1 2  and s 2I th e  tran sm iss io n  
c o e f f i c i e n t .
Thus
_ r e f  
Ei R T
P in c  
1
x? r e f  
2 T R
„ in c
2
( 3 . 3 4 )
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B earing in  mind th e  T-network re p re s e n ta t io n  o f  th e  g ra tin g  as
[28] [26] g iven by M arcuvitz (o r  th e  s im p lif ie d  v e rs io n  o f  MacFarlane ) 3
th e  ex p ress io n s  fo r  R and T can be re p la c e d  by T-network components.
C onsider th e  c i r c u i t  g iven  in  f i g .  3 .4 . The fo llo w in g  can be w r i t te n ,
Vx = Zjij + y x 1 + 12>
V2 = Zb I 2 * Z a < I i + V *
W riting  th e se  in  th e  form o f eq u a tio n  3 .1  g ives
Z = Z 
11 22
= Za + zb
Z12 = Z21 
= za
T herefores u s ing  eq u a tio n s  3 .27 , 3.32 and 3.34 
Z 2 +2Z Z ,-1
R = --------S------ ----------------  ( S .35)
Z .2 +2Z,Z.+1+2(Z +Z. ) b a b a b
S im ila r ly  u sing  eq u a tio n s  3 .2 7 , 3.33 and 3.34 
2Z_
T = ---------------- -—•— -------- (3 .3 6 )
Z 2 +2Z Z.+1+2CZ +ZK) b a b a b
Since i t  i s  co n v en ien t, f o r  th e  case  o f  th e  e l e c t r i c  f i e l d  
component o f  th e  in c id e n t p lane wave p e rp en d icu la r to  th e  c y lin d e rs  o f 
a g ra t in g ,  to  re p re s e n t th e  g ra tin g  as  a rr-netw ork, th e  fo llow ing  
ex p ress io n  fo r  R and T u sin g  7r-network components can be d eriv ed  (see  
f i g .  3 .5 ) .
-  3 9  -
Fig 3-5 TT-Network: equivalent circuit
for the E field perpendicular to 
gra t ing  wires
Fig 3-6 Inclination of wires to axes of
arbitrary rectangular co-ordinate 
system
- A O -
R = (3 .3 7 )
T (3 .3 8 )
3 ,3 . The m a trix  r e p re s e n ta t io n  o f  a g ra tin g
Consider a p lan e  wave in c id e n t norm ally on a s in g le  w ire g ra t in g .
I f  th e  p lane  wave were l i n e a r ly  p o la r i s e d ,  i t  could be sep a ra ted  sim ply in to  
two components, one w ith  th e  e l e c t r i c  f i e l d  v e c to r  p a r a l l e l  to  th e  
c y lin d e rs  c o n s t i tu t in g  th e  g r a t in g ,  and one w ith  th e  e l e c t r i c  f i e l d  
v e c to r  p e rp en d icu la r  to  th e  c y l in d e r s .  The s c a t te r in g  c h a r a c te r i s t i c s  o f 
th e  g ra tin g  d i f f e r  in  th e  two cases  i . e .  in  th e  f i r s t  case  th e  r e f l e c t i o n  
c o e f f ic ie n t  can be q u ite  high whereas in  th e  second case  i t  i s  g e n e ra lly  
sm a ll. Thus in  any g ra tin g  r e p re s e n ta t io n ,  a l l  in c id e n t waves, w hatever
t h e i r  p o la r i s a t io n ,  must be broken down in to  th e  two components, one
\
p e rp e n d ic u la r  and one p a r a l l e l  to  th e  w ire . A c o -o rd in a te  system must 
th e re fo re  be in troduced  to  f a c i l i t a t e  t h i s .
I t  would have been conven ien t to  tak e  a re c ta n g u la r  c o -o rd in a te  
system  in  which two a x is  la y  p a r a l l e l  and p e rp e n d ic u la r  to  th e  w ire s , and 
th e  th i r d  in  a d i r e c t io n  norm al to  th e  g ra t in g  p la n e . However, s in ce  
s e v e ra l g r id s  a re  to  be co n s id e re d , a l l  p a r a l l e l  b u t th e  w ires  o f  any a t  
an a r b i t r a r y  a n g le , t h i s  s im p l i f ic a t io n  could no t be made. Hence any 
g r id  i s  considered  as ly in g  in  th e  p lane  o f th e  x and y a x is  o f  th e  
re c ta n g u la r  c o -o rd in a te  system  b u t w ith  th e  w ires o f th e  g ra tin g  a t  an 
a r b i t r a r y  ang le  to  th e  x a x is  (see  f i g .  3 .6 ) .
As i s  shown in  th e  ex p ress io n s  g iven in  c h a p te r  IV, no t on ly  do 
th e  am plitudes o f  th e  tra n s m itte d  wave d i f f e r  fo r  th e  p e rp e n d ic u la r  and 
p a r a l l e l  f i e l d s ,  b u t so  a ls o  does th e  change o f phase in tro d u c e d * Thus i t  i s
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f a i r l y  obvious th a t  th e  wave tra n s m itte d  by a g ra tin g  fo r  a norm ally 
in c id e n t p lane wave w i l l  in  g e n e ra l be e l l i p t i c a l l y  p o la r is e d . Thus, 
fo r  g e n e ra l i ty ,  th e  in c id e n t wave i s  assumed to  be a p lane  e l l i p t i c a l l y  
p o la r is e d  wave t r a v e l l i n g  in  th e  z d i r e c t io n  and in c id e n t norm ally  on 
any g ra tin g .  E l l i p t i c a l  p o la r i s a t io n  can be considered  as  th e  sum o f 
two equal o rth o g o n a l components n o t in  phase q uad ra tu re  o r a s  th e  sum 
o f  unequal o rthogonal components in  exac t phase q u a d ra tu re . Yet ag a in  
i t  can be co n sid ered  a s  com plete ly  se p a ra te  complex components along 
o rth o g o n a l ax es . A lthough p o s s ib ly  no t th e  most e le g a n t r e p re s e n ta t io n ,  
th e  l a t t e r  method le n t  i t s e l f  most r e a d i ly  to  th e  c o n s tru c tio n  o f  a 
m a trix  r e p re s e n ta t io n  o f  th e  g ra t in g .
Consider an e l l i p t i c a l l y  p o la r is e d  wave. The m ajor a x is  o f th e  
e l l ip s e  i s  a t  an ang le  g to  th e  x a x is  o f an a r b i t r a r i l y  chosen x-y  
c o -o rd in a te  system . Taking th e  case  o f two unequal components in  phase 
q u a d ra tu re , th e  wave can be re p re se n te d  a s  s e p a ra te  complex components 
as  shown in  f ig .  3 .7 . Thus th e  in c id e n t wave can be co n sidered  as th e  
fo llo w in g
Ej cos g -  i  E^ s in  g
along  th e  x -a x is  and
E  ^ s in  g + i  E^ cos g
along  th e  y - a x is ,  where Ej^  and a re  th e  unequal o rthogonal components 
o f  th e  e l l i p s e .
• ( r )For convenience th e se  complex components a re  denoted as  Ex^
( r )and Eyj where th e  upper s u b s c r ip t  re p re se n ts  th e  g ra tin g  number w ith  
which th e  f i e l d  i s  a s s o c ia te d . Let th e  w ires o f  g ra tin g  r  l i e  a t  an
-  42 -*
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angle  Yr  to  th e  x a x is  (s e e  f i g .  3 .6 ) .  The complex in c id e n t components 
can be fu r th e r  d iv id ed  in to  components p a r a l l e l  and p e rp e n d ic u la r  to  th e  
g ra tin g  w ire s . Thus
(E x ^ r ^cosy^t E y ^ ^ s in y ^ )  p a r a l l e l  to  th e  w ires
( •  (yi )( “Ex s in y ^ t Ey / cosy^) p e rp en d icu la r  to  th e  w ires
Let th e  tra n sm iss io n  o f  th e  in c id e n t wave be re p re se n te d  as  fo llow s 
7 ! !  = A j !  e x p ( i$ ^ )  fo r  p a r a l l e l  e l e c t r i c  f i e l d s
T j_ = A j  exp(ii|> ) fo r  p e rp e n d ic u la r  e l e c t r i c  f i e l d s
The va lu es  o f  th e s e ,  e i th e r  quoted or o b ta in ed  from th e  l i t e r a t u r e ,  
a re  given in  ch ap te r  IV. T herefo re  th e  tra n sm itte d  wave p a r a l l e l  to  th e  
w ires  i s
(EXi( r ) cosyr + Eyl ( r ) s in y r )T/ /
and th e  tra n s m itte d  wave p e rp e n d ic u la r  to  th e  w ires  i s
( r ) ( r )(~Ex1  s in y p+ Ey][ cosyr )T j_
These components must now be re p la c e d  by components in  th e  x and y 
d i r e c t io n s .  Thus th e  tr a n s m itte d  x component i s  g iven  by
Ext = (EXj^cosy^t Ey1 r^ s^inyr>)T^ c^osyr>
" (-E x 1 ^ s i n y i + E y ^ ^ c o s y ^ T  j_ siny^
.= (T/ / cos 2 yr + T ±  s in 2 yr )E x ^ r )
+ |  s in2yr (T/ / - T ± ) E y l M  . (3 .39 )
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S im ila r ly  the tra n sm itted  y  component i s  g iven  by
EyT= (EX l( r ) oosYr + E y J + i n y ^  )T/ / S in Y.r  
+ (-E xl s in y ^ t  E y J L o s y ^ T  j_ oosy^
= f  sin2yr (T / / -  T x )Exi (r ' )
+ (T / /S in 2 Yr + T co szyr )Ey ^
W riting  eq u a tio n s  4.39 and 4 .40 in  m a trix  form
(3 .4 0 )
Ext
u
EyT
(T^^cos2 y 1+ T j ^ s in 2-^ )  J s in 2 y 1 (T^^~ T x )
~  sin2y ( ? / / -  T j_) (T ±  cos 2 y 1+ T ^ s i n ^ )
(3 .4 1 )
Ex
Ey
( r )
(r )
The a n a ly s is  i s  q u ite  g e n e ra l and a p p lie s  w hether and E y ^ 3^
r e p re s e n t a l in e a r ly  p o la r is e d  wave, e l l i p t i c a l l y  p o la r is e d  wave or 
w hatev e r.
Equation 3.41 can be a b b re v ia te d  a s  fo llow s
Ext Tn T 1 2 Exi ( r )
EyT
* 2 1
T
2 2 Eyi ( r )
(3 .4 2 )
where Tn  = (T//C os 2 yr + T x  s in 2 yr ) 
T 1 2  = T2 ! = |  T x>
T22 = CT X cos2Yr + T/ / s in 2Yr )
(3 .4 3 )
(3 .4 4 )
(3 .4 5 )
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In  a s im ila r  manner, th e  r e f l e c t i o n  m a trix  fo r  th e  same in c id e n t wave 
can be formed.
Exr R11 R12
(P)
Ex^
EyR R2 ! R22
( r )
Eyi
(3 .4 6 )
where R ., = R ,,c o s 2v + R , s in 2v 11 / /  ' r  ’r
R j 2  -  R  2 i ~  2 R  j _ )
R = R , cos2v + R . .sin2y 
2 2  •L r  / /  Tr
(3 .4 7 )
(3 .4 8 )
(3 .4 9 )
where i s  th e  complex r e f l e c t i o n  c o e f f ic ie n t  o f  an in c id e n t e l e c t r i c  
f i e l d  p a r a l l e l  to  th e  w ires  o f  th e  g ra tin g  and R x  th e  complex r e f l e c t i o n  
c o e f f ic ie n t  fo r  th e  p e rp e n d ic u la r  e l e c t r i c  f i e l d  c a se .
The case o f  a p lan e  wave o f a r b i t r a r y  p o la r i s a t io n  t r a v e l l i n g  in  th e  
tv e  Z d ir e c t io n  and in c id e n t norm ally  on a g ra tin g  has been consid ered  and 
ex p ress io n s fo r  th e  tra n s m itte d  and r e f le c te d  f i e l d s  d e riv ed . S ince 
m u ltip le  r e f le c t i o n s  between g ra tin g s  a r i s e ,  a more g en e ra l ex p ress io n  
must be d e riv ed  by in c lu d in g  an in c id e n t wave t r a v e l l i n g  in  th e  ~ve Z 
d ir e c t io n .  This i s  im p era tiv e  in  any m u ltip le  g r id  r e p re s e n ta t io n .  I t  
i s  f a i r l y  obvious t h a t  th e  re q u ire d  ex p ress io n  can be w r it te n  as fo llow s
E x 2 R 1 1  R 1 2  T 1 1  T 12 EXj^
E y 2 R 2 1  R22  T 2 1  T 22 E y1
E x 3 T 1 1  T 1 2  R 1 1  R 12 Ex,4
Ey3 r T 2 1 T 22  R 2 1  R22 Ey4
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where th e  term s o f  th e  column m a tric e s  a re  most e a s i ly  understood by 
re fe re n c e  to  f i g .  3 ,8  and v a lu es  o f  e t c .  g iven by eq u a tio n s  3 .43 ,
3 .4 4 2 3 .4 5 , 3 .4 7 , 3.48 and 3 .49 .
3 .4 . The m atrix  cascade
I t  i s  r e a d i ly  seen th a t  t h i s  re p re s e n ta t io n  o f  th e  g r id  i s  a 
s c a t t e r in g  m a trix  o f  th e  type  used in  th e  tra n sm iss io n  l i n e  approach to  
th e  waveguide th e o ry  as p re v io u s ly  d isc u sse d . C onsider then  a cascade 
o f  m a trice s  as would be o b ta in ed  fo r  a m u ltip le  g r id  s t r u c tu r e .  I t  i s  
seen th a t
E*3 EXj
Ey 3
is related to
Eyi
Ex, Ex4
r Ey2
by a sim ple phase f a c to r .  This phase fa c to r  re p re s e n ts  th e  f re e  space 
between ad ja c e n t g ra tin g s  and i s  analogous to  an o b s ta c le - f r e e  wave­
g u id e , w ith  c h a r a c te r i s t i c  impedance Z , between a d ja c e n t d is c o n t in u i t i e s .  
Thus th e  4 >< 4  s c a t te r in g  m a trix  needs to  be re -a rra n g e d  in to  th e  form
i
o f  a  4  x 4  t r a n s f e r  m a trix . This i s  g iven as fo llow s
Ex3 Exx
Ey3
= Tr
Eyx
Ex„ Ex2
Ey, r E y 2
-  47 -
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The f i e ld s  on th e  r i g h t  s id e  o f  th e  g ra tin g  a re  now h e ld  in  term s 
o f  th e  f i e l d s  on th e  l e f t .  The d e r iv a tio n  o f  th e  m a trix  1 T^J i s  some­
what te d io u s  and th e re fo re  i s  g iven in  Appendix A. The term s co n ta in
T l l 9 T 1 2 9 T2 1 9 T22* Rl l 3 R1 2 9 R2 l  and R22 &nd t h e r e f o r e ITr Ican be  
ev a lu a te d  from th e se  term s by in s e r t in g  th e  a p p ro p r ia te  v a lu es  o f  y^e
T / / 9 ^ u. 9 R/ /  anc  ^ R _L ■por> g ra tin g  in  q u es tio n  (a s  in  eq u a tio n  3 .5 0 ).
For th e  space between th e  g ra tin g s  ( r  + 1) and r ,  th e  f i e l d s  on 
th e  r ig h t  o f  th e  g ra tin g  r  a re  r e la te d  to  th e  f i e l d s  on th e  l e f t  o f  th e
( r  + l ) t h  g ra t in g  by th e  d iag o n a l m a tr ix  |<J>| whose elem ents a reI*, r +x
* U  « «22 = e x p ( - i2 l rdr  /X)
‘J’oo = i = e x p ( i 2 'n'd ^ A )  33 44 ^ r 3 r + l
(3 .5 2 )
where d . i s  th e  p h y s ic a l d is ta n c e  between th e  two g ra tin g s .  T his
ill? 5 3 ? t  JL
assumes th e  wave t r a v e l l i n g  in  th e  +ve Z d ir e c t io n  i s  re p re se n te d  by 
exp{i(o)t-3Z )} . The s ig n s  in  eq u a tio n  3.52 must be changed i f  th e  f i e l d  i i  
given by exp{i(3Z-tot>) as in  some o f th e  l i t e r a t u r e .
Thus fo r  an o v e ra l l  system  o f  n g ra tin g s
Ex,
Eyi
Ex,
Ey, n-t-l
n ' n - l 3n n - 1 12
Ex
Ey,,
Ex,
Ey,
(3 .5 3 )
g iv ing  th e  tr a n s m itte d  f i e l d  (E x ^ 9 Eyj-) ^ and th e  r e f le c te d  f i e l d  
(Ex2 ? Ey2 ) 1  in  term s o f  the  in c id e n t f i e l d  (E x ^  E y ^ .  I t  i s  assumed in
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p ra c t ic e  th a t  (Ex2, Ey2 ^n+p zeI1° i . e .  on ly  one source  o f  r a d ia t io n  and 
no r e f le c t io n s  from o b je c ts  o u ts id e  th e  g ra tin g  assem bly.
The g ra t in g  assem bly has been re p re se n te d  by a cascade o f  m a tr ic e s . 
The e v a lu a tio n  o f  th e  term s o f  th e  m a trice s  can be achieved using  
th e o r e t ic a l  a n a ly s is ,  th e  r e s u l t s  o f  which a re  summarised in  ch ap te r IV* 
Thus th e  c h a r a c te r i s t i c s  o f any number o f p a r a l l e l  m a tr ic e s  w ith  v a rio u s  
w ire  o r ie n ta t io n s  can be p re d ic te d . Experim ental work was re q u ire d  
however to  t e s t  th e  v a l id i t y  o f  assum ptions made in  d e r iv a tio n  o f  th e  
m a trix  r e p re s e n ta t io n .
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CHAPTER IV
MATRIX PARAMETER VALUES
In ch ap te r  I ,  c o n s id e ra tio n  was given to  th e  v a rio u s  methods o f  
c a lc u la t in g  the  e f f e c t  o f  a s in g le  g ra tin g  upon an in c id e n t ,  uniform  
p lan e  wave, as quoted in  the  l i t e r a t u r e .  The a p p l ic a t io n  o f  th e  boundary 
co n d itio n s  le d  to  th e  tre a tm e n t o f  two d i s t i n c t  c a se s . In th e  f i r s t  
p lace  c o n s id e ra tio n  was g iven  to  th e  case o f the  e l e c t r i c  f i e l d  v e c to r  
b e in g  p a r a l l e l  to  th e  co n d u c to rs , where th e  a p p ro p ria te  boundary co n d itio n  
was t h a t ,  fo r  p e r f e c t ly  conducting  c y l in d e rs ,  th e  ta n g e n t ia l  component 
o f e l e c t r i c  f i e l d  a t  th e  su rfa c e  o f  th e  s c a t t e r e r s  was ze ro , The 
second case considered  was th a t  o f  the  e l e c t r i c  f i e l d  component perpen ­
d ic u la r  to  th e  a x is  o f the  c y lin d e rs  in  which th e  norm al d e r iv a tiv e  
van ished  a t  th e  s c a t t e r in g  s u r fa c e s .
In  ch a p te r  I I I  a m a tr ix  re p re s e n ta tio n  o f  a g ra tin g  was d esc rib e d .
The term s o f  t h a t  m a trix  were dependent upon the  o r ie n ta t io n  o f th e  w ires 
o f th e  g r id  to  some a r b i t r a r y  s e t  o f  re c ta n g u la r  c o -o rd in a te  axes and 
upon th e  complex tran sm iss io n  and r e f le c t io n  p ro p e r t ie s  o f  th e  two 
components o f  th e  in c id e n t r a d ia t io n .  The dependence o f  th e se  q u a n t i t i e s  
upon g ra tin g  param eters and w avelength a re  d e sc r ib e d , and the  r e l a t iv e  
a c c u ra c ie s  o f  some th e o r e t ic a l  r e s u l t s  a re  g iven . Some c o n s id e ra tio n  
o f the  s u i t a b i l i t y  o f th e se  in  th e  co n tex t o f  use in  the  m a trix  fo rm u la tio n  
i s  a lso  in c lu d ed .
4 . 1 .  In trod u ction
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4 .2 . The r e f le c t io n  c o e f f i c i e n t ; p a r a l l e l  e l e c t r i c  v e c to r
fo i lThe f i r s t  re fe re n c e  taken  i s  th a t  o f  Lamb . He t r e a te d  th e  
cases o f  bo th  p a r a l l e l  and p e rp e n d ic u la r  p o la r i s a t io n  o f  a norm ally 
in c id e n t p lane  wave. His trea tm e n t was based on th e  p o te n t ia l  and th e  
stream  fu n c tio n s  fo r  th e  s ta t io n a r y  f i e l d  around th e  c y lin d e rs  o f  th e  
g r id ,  and f o r  th i s  case th e  s c a t t e r in g  am plitude corresponded to  th a t  
o f  a d ip o le . He quoted  a value o f th e  r e f le c t io n  c o e f f ic ie n t  fo r  th e  
p a r a l l e l  case as fo llow s
| R  I =  . g — r a -r— - — r - T ^ r v  ( 4 . 1 )7 /
where a = ra d iu s  o f  th e  w ires
d = s e p a ra t io n  o f th e  w ires  
A = w avelength
S im ila r ly  Gans ^ [ 1 0 }  gave an exp ressio n  f o r  th e  complex 
r e f le c t io n  c o e f f ic ie n t
R -  ----------- 3  ■ ( q . 2 )
" M “ (*’ A  * '„)
J  ( k ^ )
where r  =  r- i s  a c o rre c tio n  term  which allow s fo r  w ires o fo K.a u i x . a j
1  C  A
f i n i t e  c o n d u c tiv ity . For p e r f e c t ly  conducting  w ire s ,  in  which case 
r Q = 0 , t h i s  reduced to  th e  ex p ress io n  given by Lamb. I t  i s  assumed 
th roughout th e  p reced in g  and subsequent works th a t  a tim e f a c to r  exp(icut) 
i s  used.
[ 53]
W essel co n sid ered  the  c u rre n ts  induced on the  g ra tin g  w ires
and th e  a s s o c ia te d  v e c to r  p o te n t i a l s .  Again norm al in c id en ce  was 
assumed and th e  w ires  were taken  as be ing  p e r f e c t  conducto rs. Assuming .
52 -
th e  w ire  ra d iu s  as very  much sm a lle r  than the  w avelength , he co n sid ered  
g r id  c o n s tan ts  covering  th e  range o f tw ice the  w avelength to  b e in g  very 
much le s s  than  th e  w avelength . For th e  l a t t e r  case he ob ta in ed  the  
fo llow ing  e x p re ss io n .
R/ / '
1+ 4 d ‘
l n  2 5 5  + n=l'- *3  n-
( 4 , 3 )
I f  the  case o f  d «  A i s  ta k e n , th e  summation term  becomes n e g l ig ib le  
and th e  ex p ress io n  approxim ates to  th a t  o f Lamb (se e  equ a tio n  4 . 1 ) .
[ 2 6 ]MacFarlane , u s in g  a s im i la r  q u a s i- s ta t io n a ry  method as Lamb, 
extended  th a t  in v e s t ig a t io n  to  in c lu d e  the  case o f  a r b i t r a r y  angle o f  
in c id en ce  0 o f  th e  prim ary wave (se e  f ig .  6 . 1 ) .  He o b ta in ed  a value 
o f  th e  e q u iv a le n t shun t rea c ta n c e  o f th e  g r id .  Using eq u a tio n s  3 . 3 6  and 
3 . 3 5  th e  tran sm issio n  and r e f le c t i o n  c o e f f ic ie n ts  can be o b ta in ed  
(u s in g  = 0 ) .  The complex r e f le c t i o n  c o e f f ic ie n t  was found to  be as 
fo llow s
R - 1
t u n
( 4 . 4 )
where F was given by
i  j j  ( 3 s i „ ,  , „ ]  -  ( I
&—-r- rr+
I t  can be seen th a t  th i s  ex p ress io n  reduces to  th a t  o b ta in ed  by W essel 
(eq u a tio n  4 . 3 )  when 0 = 0 °  and th e  modulus i s  ta k en .
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/
H ornejager a lso  consid ered  the  case o f  a r b i t r a r y  ang le  o f
in c id en ce  and o b ta in ed  an ex p ress io n  fo r  u sing  th e  method employed
by W essei. He consid ered  th e  r a t i o  o f  g r id  c o n s ta n t to  w avelength as 
b e ing  a r b i t r a r y 9 b u t s im p l i f ic a t io n  o f  h is  r e s u l t s  i s  o b ta ined  by 
assuming d < A i . e .  no s id e  waves. The fo llow ing  ex p ress io n  was o b ta in ed
R//| ~ —;   ~  — (4>5)
{ 1+ * £  cos2©jln &  +F(f »®]]2} 1
A2
where F was the  same as in  equation  4 .4 . I t  can ’be seen th a t  by ap p ly in g  
th i s  r e s t r i c t i o n a H o rn e jag e r’s ex p ress io n  reduces to  th a t  o f  MacFarlane 
(eq u a tio n  4 .4 ) ,
[23]Lewis and Casey ex tended  W assel’.s method s t i l l  f u r th e r  by
c o n s id e rin g  the  case o f  g ra tin g  w ires  w ith  a f i n i t e  c o n d u c tiv ity .
R s    2k  -----  ( q . 6)
I f  ~ , r  t
l+ Z .+ i cosO In — * +E x \  L 2ira
d
where Z  ^ was th e  no rm alised  in t e r n a l  w ire impedance and F was as above.
For th e  purpose o f  making com parisons 3 by p u t t in g  Z  ^ = 0 i t  can be seen 
th a t  th e  ex p ress io n  reduces to  th o se  o f  H ornejager (eq u a tio n  4 .5 ) and 
MacFarlane (eq u a tio n  4 .4 ) .  The case o f  £ 0 does in  f a c t  agree w ith  th e  
ex p ress io n  o b ta in ed  by Gans (eq u a tio n  4 .2 ) by r e s t r i c t i n g  the  g r id  
c o n s ta n t to  a value much le s s  than  w avelength and th e  ang le  o f  in c id en ce  
to  ze ro .
. [51]F u rth e r  e x ten s io n s  were made by Wait who considered  a
com pletely  a r b i t r a r y  d i r e c t io n  o f  in c idence  and p o la r i s a t io n 3 and made 
no assum ptions reg a rd in g  th e  m a te r ia l  o f  th e  g ra tin g  w ire s . He d id 5 
howeverj r e s t r i c t  th e  g r id  c o n s ta n t to  very much le s s  th an  th e  w avelength .
»  54 -
His ex p ress io n  fo r  th e  complex r e f le c t io n  c o e f f ic ie n t  i s  quoted .
R  3  -----------              (4 .7 )
1+i ~  cos(;cosOllri +E(x  cos<^»®j
where
cos^ joj = ~ £ |^nf ~ cos^ sinej - ~ cos<|>J "j
- .12
j  cos^sinej -  j  c o s ^  2 -
By making the  assum ption t h a t  th e  w ires were o f  i n f i n i t e
co n d u c tiv ity  and th a t  $ = 0 , i t  can be seen th a t  t h i s  ex p ress io n  reduces
to  t h a t  o f  MacFarlane (eq u a tio n  4 .4 ) .
[oft]M arcuvitz 1 J , in  h is  waveguide handbook, quoted  an ex p ress io n  
fo r  th e  term s o f  an e q u iv a le n t c i r c u i t  o f a g ra tin g  o f  w ire s . He 
s ta te d  t h a t  th e  eq u a tio n s  were d e riv e d  by v a r ia t io n a l  tech n iq u es  in
which th e  an g u la r c u rre n t d i s t r i b u t io n  was assumed to  be th e  sum o f  an
even co n s tan t fu n c tio n  and an odd s in u s o id a l  fu n c tio n . For th e  case o f  
p a r a l l e l  p o la r i s a t io n  he re p re se n te d  the  g r id  by an e q u iv a le n t T- 
netw ork , the  m ajor elem ent o f  w hich, th e  shun t im pedance, i s  th e  same 
as derived  by M acFarlane. However, M arcuvitz a ls o  d e riv ed  an ex p ress io n  
fo r  th e  s e r ie s  cap ac itan ce  which was sm a ll fo r  sm all values o f  w ire 
ra d iu s .  His ex p ress io n s  fo r  th e  e q u iv a le n t T-network components (se e  
f i g . 3 .4 ) were
Z = i  t  cosQ A a  A i
s •• i  j  cosO A2
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Iwhere
00
A = In  —  + T {[(d sinO + m)2- d2/X2] 2 - m"1) 
1  2lra m=l
= In  + -  + ——  (3 -  2cos20 ) • 1.202  fo r  v  «  1  
a 2X2 X
a =
2 d2
S u b s t i tu t in g  th e  values o f  Z and Z, in to  eq u a tio n  3 .3 5 , th e  fo llo w in ga a
r e la t io n  i s  o b ta in ed
< ^ ! V 2V a2 ) - i
R7 / = —  ~ ■-------------------------------   (4 .8 )
d2 co s 2 0  A A x . n . .  2 d .cos G , „ A s- A (2A -  A )+ l+ i  r—  (A -  A^)
^2 2 I * A i z
When the  g ra tin g  dim ensions a re  sm all compared w ith  w aveleng tha t h i s  
equ a tio n  reduces to
R
W f c 0s o [ l n 4 +F ( f , o [
- 1
1 +i cosG [in + 0 .601(3-2cos20) —* L 2na x2-
i . e .  the  ex p ress io n  th a t  was o b ta in ed  by MacFarlane (see  equ a tio n  4 .4 ) .  
S im ila r ly ,  u s ing  eq u a tio n  3.36
co so j ln  +0.601(3-2cos20)
T / /  ■    r   * —    U . 9 )
. 2 d 
1  A
1+1 cos0 f in  75^ -  +0 .601( 3-2cos2G) —  - - -- -- 1
X L  2 7 r a  x 2  d 2  J
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Twersky in  h is  thorough in v e s t ig a t io n  o f  bo th  p o la r i s a t io n
c a se s , o b ta in ed  c lo sed -fo rm  e g r e s s io n s  fo r  both  0  = 0 ° and 0  a r b i t r a r y  
when th e  in c id e n t e l e c t r i c  f i e l d  was p o la r is e d  p a r a l l e l  to  the  g ra tin g  
w ire s . His ex p ress io n  fo r  0 = 0 °  was
R - I  , 1T
/ /  1 +i  ~  A ' 1 - i  AX I  X 2
where
A 1  ” ln  2ma + ^ ^ m2“ d2 /X2 ]“a -  m"1}
m=l
(4 .1 0 )
X2
A = - £ -
2 A *
ir2 a 2  5_ Tr^a4
8 * . u
2 a 2  , 2 u2 a 2  d + --------  In
2X2 2 iTa
d* L3 [
+  _ 1 _  d £
A ? -  S n 1 2ra xzi J
S im ila r ly
“ I
i +i  f  Ai
(4 .1 1 )
I t  can be seen t h a t 9 f o r  a sm all w ire ra d iu s  compared w ith  g r id  
c o n s ta n t and fo r  sm all g ra t in g  p aram eters  compared w ith  w aveleng th 9 
eq u a tio n  4 .10  reduces to  t h a t  o f  MacFarlane when the  co n d itio n  th a t  
0 = 0  has been s u b s t i tu te d  in  eq u a tio n  4 .4 . M arcu v itz 's  term  A^  
corresponds e x a c tly  to  th e  f i r s t  two term s o f  Twersky*s A^ 9 b u t th e  
re s p e c tiv e  values o f  A2  show no s im i la r ! ty .  For sm a ll g ra tin g  p a ram e te rs , 
however, th e  ex p re ss io n s  o f  bo th  M arcuvitz and Twersky reduce to
R - 1/ /
1+1 X  A1
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For th e  case o f  a r b i t r a r y  0 , Twersky o b ta in ed  th e  fo llow ing
ex p ress io n s  which in c lu d e  term s up to  ( a /A )lf and are  tru e  fo r  the  one mode 
case o f  d ( l  ± s in 0 )/A  < 1 and d/A sm a ll.
R ,,  = C F t -  C F / /  o  +  o  - (4 .12)
T , , = 1  + C F  + C F .  / /  o + o (4 .13)
where C f \  o +
2  it2 a2
A2 (l-7r2 a 2 /3d2 )
In  J  cos20+ |  ( i.+4sin26) - -1.202+ ?”2a2.s i P2°l
4 4A2 X2 J
l+i2dcosG'| In 2 ir2 a 2
1 2,13 A2( l-ir2a2/3d2) [ln a™(
dIn +sin2oj +2sin20-
CoF-
. 2Tr2 a 2  ____ „i   ...   GOS0Ad
Oit.2-^ 2
1 ” !  T TAd
oose+ f.i - s in20+to d 1 Aa2 + jgd. (X+4sln20)O.6
A2 I4 2lta> 3d2 A2
P = - 27r2a2
A2(l-Ti2a2/3d2)
in  — COS20+ -- (1^4s in20)j
+ i  -----g.Fd ,.3.c .o s .6----- ( l+ 2 s in 2 e ) 0 . 6
A 3 (  l - i T 2 a 2 / 3 d 2 )
Skw irzynski and Thackray  ^^ , having  t r e a te d  th e  case o f  normal 
in c id e n c e , quoted th e  value o f  th e  tran sm iss io n  c o e f f ic ie n t  as a s e r ie s ,
T/ /  = 1 + 2d I  ( - l ) m i m + 1  V * m=0 m
(4 .14)
where Vm valdes could  be o b ta in ed  by so lv in g  an i n f i n i t e  s e t  o f  s im u lta ­
neous e q u a tio n s . Orders o f  approxim ations could be o b ta in ed  by ta k in g  the
-  5 8  -
corresponding  number o f  eq u a tio n s  Skw irzynski and Thackray quoted the  
f i r s t  two approxim ations as fo llow s
v = —    — __
v - rY (ka)
1 1  + -  fin ~-0 . 5772U  -  - - i 21J j ( k a )  U  d J * „d2
where Bj i s  a  B e rn o u lli  number and th e  co n s tan t (0 .5772) i s  E u le r 's  
c o n s ta n t. R eplacing th e  B esse l fu n c tio n s  by t h e i r  expansions fo r  sm a ll 
k a , equ a tio n  4 ,14 becomes
' 1  * M  » u . a
X 2 t a  A2 J  
- 1
1 - 1  “  l j  2*a + ir2 a 2  + ud2]
s • M  _ d 
1  X * 2ira
I t  i s  seen th a t  th e  dominant term s correspond to  tho se  o b ta in ed  by o th e r  
au th o rs  b u t f u r th e r  agreem ent cannot be found.
To summarise, th e  works o f  M arcuvitz , Twersky, and Skw irzynski 
and Thackray appear to  g ive th e  more ac c u ra te  r e s u l t s .  The ex p ress io n  
given by Skw irzynski and Thackray i s ,  however, d i f f i c u l t  to  u se , owing 
to  i t s  in c lu s io n  o f  B esse l fu n c tio n s  and to  the  form o f  i t s  s o lu t io n .
With the  excep tio n  o f  th e  dominant i  In  te rm , th e  ex p ress io n  i s  
only  s u b s ta n tia te d  by one o th e r  work, th a t  o f  Ignatow sky. Over th e  range
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o f  g ra tin g  param eters and w avelengths used , the  d if fe re n c e  between th e  
c losed-fo rm  s o lu tio n s  given by M arcuvitz and Twersky was found to  be 
n e g l ig ib le .  Tw ersky's s o lu tio n  i s ,  p e rh ap sa th e  e a s ie r  to  use.
4 .3 , The r e f le c t io n  c o e f f i c i e n t : p e rp en d icu la r, e l e c t r i c  v ec to r
As in  th e  case  o f  p a r a l l e l  e l e c t r i c  f i e l d ,  th e  f i r s t  re fe re n c e
r 2 1 I . . .taken  i s  th a t  o f  Lamb . His ex p ress io n  fo r  th e  r e f le c t io n  c o e f f ic ie n t  
when th e  e l e c t r i c  v e c to r  i s  p e rp e n d ic u la r  to  th e  a x is  o f  a c y lin d e r  i s  
as fo llow s
2 it2 a2
| R  I -  --------------------------------------------------------------------------------------   ( 4 . 1 5 )
[ 5 4 ]Y am pol'sk ii , app ly in g  the  r e s t r i c t i o n  o f  a << d «  A, 
d if f e r e d  from Lamb by a f a c to r  o f  3  to  2 .  He o b ta in ed  th e  fo llow ing  
r e l a t i o n .
| R  | =  ( 0 . 1 6 )
By app ly ing  s im i la r  r e s t r i c t i o n s  to  th e  ex p ress io n  o b ta in ed  by Twersky > 
i t  i s  found th a t  Twersky and Y am pol'sk ii ag ree .
F u rth e r  con firm atio n  o f  th e  e r r o r  in  th e  work o f  Lamb (and Gans) 
i s  given by Sivov w^ 0 o b ta in ed  th e  fo llo w in g  r e la t io n s
R = -  i  ( 0 . 1 7 )i Ad
•n-2^2
T = 1 -  i  + 4 -  ( 0 . 1 8 )
X Ad
Twersky U 7 H 0 8 ] 5 in  h is  comprehensive s tu d ie s  o f  the s c a t t e r in g
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, 2 TT^I 
9 d M
p ro p e r t ie s  o f  i n f i n i t e  g ra tin g s  o f  c i r c u la r  c y lin d e rs  in  which he used
a G reen’s fu n c tio n  approach , o b ta in ed  ex p ress io n s  fo r  R and T as low
4- 4-
frequency  s e r ie s  fo r  th e  case o f  0  = 0 , and as c lo sed  form s o lu tio n s  fo r  
bo th  0 = 0  and th e  somewhat more invo lved  case o f  a r b i t r a r y  0 . His 
ex p ress io n s  fo r  th e  low frequency  s e r ie s  case are  as fo llow s
p . u2 a2 [*T 2ir2 a 2  19 7T2 a 2  2-rr2 a2  d
£  " Ad ' L  3d2  '  2  ‘ A2  A2  2*a
-  iS s i .  [ 3  + ( 4 . 1 9 )
A2d2 L 3 d2  J
T B H  4 r -  -  I  • ^  m  + I  . ^ 1
J. Ad L  3d2 2 A2 A2 1Ta d ^ j
„ [ 5  + §  (4 .2 0 )
A2d2 L 3 d2 -!
. [221 .Lewm 1 , m  h is  tre a tm e n t o f  a c a p a c itiv e  p o s t m  a re c ta n g u la r
waveguide, s e t  out to  f in d  th e  c o n f ig u ra tio n  o f  d ip o le s ,  dou b le ts  and so 
on w hich, i f  p re se n t a long  th e  a x is  o f  th e  c y l in d e r ,  would have produced 
a f i e l d  such t h a t ,  when combined w ith  th e  in c id e n t f i e l d ,  th e  t o t a l  
ta n g e n t ia l  component o f  e l e c t r i c  f i e l d  a t  th e  su rfa c e  o f  th e  p o s t was 
ze ro . He co n sid ered  th re e  ty p e s  o f  f i e l d  vary ing  w ith  ang le 9 around the  
c y lin d e r  as a) a c o n s ta n t ,  b) s in  <*> and c) cos 2$.  Such f ie ld s  a re  
produced by a) a continuous d i s t r ib u t io n  along th e  c y l in d e r ,  b) a 
d is t r ib u t io n  o f  d ip o le s  along  th e  c y lin d e r  and c) a d i s t r ib u t io n  o f  
d ip o le  d o u b le ts . His r e s u l t s  a re  as fo llow s
^ _ . 7r2a2 [7,, 27T2a2 17 w2a2 21+ a2 , d ~fR = -  1  —r-r- 3+-   — - ---  + — ---- In
-L Ad U 3d2 2A2 A2 27T^ J 
2 & L  (4 .2 1 )
A2d2
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m , . m2a 2 Hi . 2 ir2a2 ll*rr2a2 , 67r2a2 d~|T = l - i  ~ ~  1 + ----   + —— - in  -^rr
jl Xd L 3d2 2 A2 A2 J
-  (4 .2 2 )
A2d2
Ig n o rin g  th e  h ig h e r  o rd e r  term s in  eq u a tio n s  4 , i9  and 4 .2 0 , i t  can 
be seen  th a t  th e  term s Lewin o b ta in ed  ag ree  w ith  th o se  o f  Twersky excep t 
t h a t  Lewin has term s
. 17 itV * . . 11x ™. .   and l  * —r---
2 X3d 2 X=>d
whereas Twersky has
. 19 ir'+a1* . . 9  ir'+a1*x _ _  .   . and 1  7T • ~— “
2 \ 3 d 2 A3d
In th e  c lo sed  form fo r  0 = 0 ,  Twersky o b ta in ed  th e  fo llow ing  
r e la t io n s  (assum ing only  one p ro p ag a tin g  mode)
R = ---- -----------------------~~X a— ----  (4 .2 3 )
-E 1+i A 1 - i  A.
ir2a2 1 27r2a2 2
T = 1 ----------- —--------- ---------- — —  (4 .2 4 )
A. 1+i ——  A. 1 - i  — —  A9
?r2a2 2  it2  a2
where
3 iT 2 a 2  , 2 ir 2 a 2  dA. = 1 + —   + — ■—  in  oTT
1 2 A2 A2 2ira
+ 2&L l ( [m2- d*/x*]-i - nr1)
A2 m=l
and
a2 = 1  + 7ir2a 2 2TT2a 2
2 A2 X2
In 2 IT S
7r2a 2
3d2
4Tr2a 2
d2
I
m=l (t2- d2/x2] m +
d 2 * 
2mA2i
Equation 4.23 can be w r it te n  as foilowS ( f o r  com parison purposes)
A + A /2
R   i £_------  (4 .2 5 )
f*2s £  + i d A A ]_ A +
Ad „ 1 2  Al + 227r2a 2
r g 3]
M arcuvitz co n sidered  a c a p a c it iv e  p o s t in  a re c ta n g u la r  wave­
guide and used a v a r ia t io n a l  procedure based on a monopole and a d ip o le  
c u r re n t d i s t r ib u t io n  on th e  c y l in d e r .  S p e c ia lis in g  M arcu v itz 's  r e s u l t  
to  th e  sym m etrical c a s e , th e  s o lu tio n  fo r  th e  g ra t in g  i s  ob ta in ed . 
M arcuvitz quoted va lues o f  th e  e q u iv a le n t -jt-network components (see  
f i g .  3 .5 )
v _ . 2n2a2 1 > v
a “ 1 ‘ Ad A2 (4 .2 6 )
\r  • ^  n • TT2 a 2  1  ,
B '  1 ‘ 2„2a2 ’ 1 '  1  Ad • j ;(!*‘27>
where
n -  •. . 3ir2a2 . 2ir2a2 , d A = 1 + --------  +---------  In  yr—
1 2A2 A2 2na
+ £ ((m2- d2/X2 ] 2 -  n r 1)
X2 m=l
-  63 -
and
A = !  + i i £ £  -  2 + 3 2  in  d_ + jjZaZ 
2 2\2  +  2¥a '6d
- i 2  '
m2~ d2/X2j - iii + —^— 
2mA2
j  [ L z .  d2/x2P  .
d* n p l U- J
S u b s t i tu t in g  th e  values o f  Y and Y„ in to  eq u a tio n  3 .3 7 , th e  fo llo w in ga tJ
ex p ress io n  i s  o b ta in ed
R =
V  A2/2
i , 4 5 ! .  + - i d_ A.  f iT2a  ^
X[  Ad
2 it2 a 2 a ] ~Al ‘
(4 .2 8 )
Thus i t  i s  seen th a t  th e  s o lu tio n s  ob ta in ed  by M arcuvitz and 
Twersky agree excep t t h a t  th e  values o f  A  ^ d i f f e r  by
7 it2 a2 
2 A2
as opposed to
and TT2a2
3d2
(Twersky)
lliT2a2 
2 A2
and 7t2a2
6d2
( M arcuvitz)
For th e  case o f  a r b i t r a r y  0 , Twersky o b ta in ed  th e  fo llow ing
ex p re ss io n s  which in c lu d e  term s up to  (a/A )4 and a re  t r u e  fo r  th e  one mode’ 
case o f  d ( l  ± sinO )/A  < 1 and d/A sm all.
A. °  +
C F 
o  -
T = 1
JL
+ C F + C F 
o  +  o  *
(4 .2 9 )
(4 .30 )
where
C F = o +
1 - iir2a2cos29AdcosO
ir2a2
3d2
\ 2
2rr2a2
X2
[ |  - s in 2o J-
3xd3cos0
tP
 i-n,ifa lfcos22e
,  2-fr2a2
- f s —  cose
C F =    — AS-----------o -
1+i 2 l£ ^ 2 S S i  -  £ £  + 2 + a 2  f7 + sih2e , lh  d ■j 
*d 3d2 A2 A 2v >
i  js£ X _ sin 2 2 0
X3dcose
P =
4ir4a4+
i  u + 2s i l ? 0) f |  _ t a  d  •| +  w  f s  d  ']
A ^ d C O S O  ^  M  3XAdA W 2 ia J
To summarise, th e  works o f  M arcuvitz, Twersky and Lewin appear to  
g ive th e  more a c c u ra te  r e s u l t s ,  a lthough  the  e g r e s s io n  given by Sivov 
was norm ally  s u f f i c i e n t  fo r  th e  range o f  g ra tin g  param eters  used in  
exp erim en ta l work. The low frequency s e r ie s  s o lu tio n s  ob ta in ed  by 
Twersky and Lewin a re  th e  most e a s i ly  adap tab le  to  s o lu tio n  by computer 
program when g re a te r  accuracy  i s  re q u ire d  b u t a r e ,  o f  n e c e s s i ty ,  le s s  
a c c u ra te  than  th e  c losed-fo rm  s o lu tio n s  o f  Twersky and M arcuvitz. Over 
th e  range o f  g ra tin g  p aram eters  and w avelengths used , th e  d if fe re n c e  
between th e  c losed-fo rm  s o lu tio n s  was found to  be n e g l ig ib le .  Twersky’s 
s o lu tio n  is ,p e rh a p s ,  th e  e a s ie r  to  use.
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CHAPTER V
ANALYTICAL RESULTS
5 .1 . In tro d u c tio n
In  c h a p te r  I I I  a cascade re p re s e n ta tio n  o f  a m u ltip le  p la n a r  w ire  
g ra tin g  c o n f ig u ra tio n  was developed. The b a s ic  u n i t  o f  t h i s  cascade i s  
th e  m a trix  re p re s e n ta tio n  o f  a s in g le  g ra tin g  and co n ta in s  term s which 
a re  dependent upon values o f  th e  complex tran sm iss io n  and r e f le c t io n  
c o e f f ic ie n ts  fo r  th e  two cases d iscu ssed  i . e .  th e  e l e c t r i c  f i e l d  p a r a l l e l  
o r  p e rp e n d ic u la r  to  th e  a x is  o f  a g ra t in g  w ire . In  c h a p te r  IV a survey  
o f  th e  r e s u l t s  o b ta in ed  by s e v e ra l  au th o rs  was made, w ith  th e  aim o f  
comparing the  r e l a t i v e  a c c u ra c ie s  and s u i t a b i l i t y  fo r  use in  th e  g ra tin g  
m a trix . The two most com plete s e t s  o f  values f o r  th e  c o e f f ic ie n ts  were 
those  given by M arcuvitz and Twersky  ^ ^ « For h i s t o r i c a l  reasons
th e  r e s u l t s  o f  th e  form er were s e le c te d  fo r  u se , a lthough  in  r e t r o s p e c t  
i t  i s  f e l t  t h a t  th e  c lo sed  forms given by Twersky would n o t only have 
been th e  more a c c u ra te  b u t cou ld  have been used more e a s i ly .
I t  i s  e v id e n t,  bo th  from th e  n a tu re  o f  th e  i n f i n i t e  s e r ie s  
re p re s e n ta tio n s  o f  th e  r e f le c t i o n  and tran sm issio n  c o e f f ic ie n t s  ( o r  th e  
analogous in d u c tiv e  and c a p a c it iv e  elem ents o f  th e  tran sm iss io n  l in e  
netw orks) and from th e  somewhat len g th y  a r i th m e t ic a l  term s o f  even the  
s in g le  m a trix , th a t  th e  p ro d u c tio n  o f  num erical e v a lu a tio n s  cou ld  be 
contem plated  s e r io u s ly  only w ith  th e  a id  o f  a m achine. To achieve th i s  
end th e re fo re ,  a  computer program , to  be run on th e  a v a i la b le  I .C .L .
1905 F com puter, was w r i t t e n .
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The program was w r i t te n  o r ig in a l ly  in  th e  A lgol language, using  
some 12K words o f  s to r e .  However i t  was found th a t  in  c e r ta in  circum ­
s ta n c e s  th e  e ig h t  f ig u re  accuracy  o ffe re d  by t h i s  language was i n s u f f i c i e n t .  
This occurred  when th e  w ire  s e p a ra tio n  was sm a ll compared w ith  th e  
in c id e n t w avelength and an in c re a s in g  p ro p o rtio n  o f  th e  component o f  
th e  in c id e n t  r a d ia t io n  p a r a l l e l  to  th e  w ire  a x is  was r e f l e c te d .  I t  can 
be seen  t h a t  in  th e  g ra t in g  m a trix  as given in  c h a p te r  I I I  (se e  eq u a tio n s  
3.51 and A .1 6 ), th e  term  [ T ^ T ^ -  wb4cb can be w r i t te n  a l t e r ­
n a t iv e ly  as [T /y T ] “ l  becomes la rg e  as T , ,  tends to  ze ro . The term s 
j_ f t
o f  the  f i n a l  m a trix  which r e s u l t s  from th e  m u l t ip l ic a t io n  o f  such 
m a trice s  a re  very la rg e ,  and th e  sim ultaneous eq u a tio n s  which must be 
so lv ed  to  give th e  o v e ra l l  s c a t t e r in g  c h a r a c te r i s t i c s  become i l l -  
co n d itio n ed . Consequently any e r r o r  which may e x i s t  in  th e  in d iv id u a l  
m a trix  term s would in c re a se  r a p id ly .
The program was th e re fo re  r e -w r i t te n  u sing  F o rtra n  IV code, use 
b e ing  made o f  th e  d o u b le -len g th  a r i th m e tic  f a c i l i t y  which gave an 
accuracy  o f  up to  20 s ig n i f i c a n t  f ig u re s .  The r e s u l t in g  in c re a se  in  
accuracy  allow ed a much w ider range o f  g ra tin g  dim ensions to  be employed 
b e fo re  th e  s im ultaneous e q u a tio n s , a g a in , became i l l - c o n d i t io n e d .  This 
range was more th an  s u f f i c i e n t  fo r  th e  g ra t in g  dim ensions used in  th e  
ex p erim en ta l work.
The program was w r i t te n  to  g ive a h igh  degree o f  f l e x i b i l i t y .  The 
in p u t param eters a llow ed th e  w ire  ra d io u s , g r id  c o n s ta n t and ang le o f  
in c l in a t io n  o f  th e  w ires o f  a g ra t in g  to  th e  a r b i t r a r y  re c ta n g u la r  
axes to  be v a r ie d  from one g ra tin g  to  an o th e r . The w avelength o f  th e  
r a d ia t io n  in c id e n t on any number o f  p a r a l l e l  g ra tin g s  re q u ire d , each
5 . 2 .  The computer program
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se p a ra te d  from th e  n e x t by s p e c if ia b le  am ounts, was a lso  v a r ia b le .  The 
in c id e n t r a d ia t io n  was d e fin e d  as having  r e a l  and im aginary components 
( to  allow  fo r  phase d if f e f e n c e s ) aldng th e  two o rth o g o n a l axes*
The assum ption was made th a t  th e  t o t a l  g ra t in g  s t ru c tu re  was in  
com pletely  f r e e  space i . e .  no e x te rn a l  r e f l e c t i o n s .  This meant t h a t  
the  term s o f
Exr
Ey, n+1
were zero  (see  eq u a tio n  3 .5 3 ). S im ila r ly  the  wave re p re s e n te d  by
Ex,
Ey,
in  no way c o n tr ib u te d  to  th e  in c id e n t f i e l d
Ex.
Ey,
Thus th e  unknown tra n s m itte d  and r e f le c te d  w aves, given
by Ex, and Ex2
Eyj n+1 Ey2
could  be e v a lu a te d  in  term s o f  the  known in p u ts
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T rea tin g  each f i e l d  as having  r e a l  and im aginary components, e ig h t  
sim ultaneous eq u a tio n s  w ith  e ig h t  unknowns were to  be so lv ed . The 
program e v a lu a te d  th e se  and p r in te d  o u t th e  va lu es  as am plitudes and 
p h a se s , and a ls o  as p e rce n tag es  o f  th e  t o t a l  in c id e n t power. An example 
o f  th e  F o rtra n  program i s  given in  Appendix B.
Although th e  program was designed to  be f l e x i b le ,  i t  was found
i
co n v en ien t, in  p r a c t ic e ,  fo r  i t  t o  be s p e c ia l is e d  to  a c e r ta in  e x te n t .
I t  was, fo r  in s ta n c e ,  found ex p ed ien t fo r  s p e c ia l is e d  c a l l in g  ro u tin e s  
to  be w r it te n  a) w here, in  a p a r t i c u la r  ru n , i t  was o f  i n t e r e s t  to  use 
f ix e d  g ra tin g  param eters  and in v e s t ig a te  th e  c h a r a c te r i s t i c s  over a 
continuous wide spectrum  o f  w avelengths o r g r id  S ep ara tio n s  and b) w here, 
fo r  a s in g le  g r a t in g ,  v a r ia t io n s  in  th e  s c a t te r in g  p ro p e r t ie s  over a 
range o f  w ire r a d i i ,  w ire  s e p a ra tio n s  o r  ang les o f  in c id en ce  may have 
been re q u ire d .
The program was w r i t te n  fo r  th e  p a r t i c u la r  case o f  th e  g ra tin g  
b e in g  made o f  p a r a l l e l  c i r c u la r  c y l in d e r s . However i t s  modular c o n s tru c tio n  
would have allow ed i t  to  be adapted  to  o th e r  types o f  g ra t in g s .  For 
in s ta n c e , r a th e r  than  b e in g  c o n s tru c te d  o f  c i r c u la r  c y l in d e r s ,  g ra tin g s  
w ith  e l l i p t i c a l  c y lin d e rs  o r s t r i p s  might have been o f  i n t e r e s t .  Provided 
th e  th e o re t ic a l  values o f  th e  complex r e f le c t io n  and tran sm iss io n  
c o e f f ic ie n ts  o r th e  elem ents o f  th e  e q u iv a le n t c i r c u i t s  were a v a i la b le ,  
the  adap tion  could  be e f f e c te d  sim ply by re p la c in g  th e  su b ro u tin e  TERMS 
by one which c a lc u la te d  th e  a p p ro p ria te  c o e f f ic ie n ts  fo r  th e  case in  hand 
[see Appendix C ].
5 .3 . A n a ly tic a l r e s u l t s : s in g le  g ra tin g
I n i t i a l  runs o f  th e  program were made f o r  th e  case o f  a s in g le  
g r id ,  th e  w ires  o f which were p a r a l l e l  to  th e  p lane  o f  p o la r i s a t io n  o f  . 
th e  norm ally  in c id e n t  prim ary r a d ia t io n .  Values were o b ta in ed  over a 
w avelength range o f  1 cm to  10 cm, th e  w ire s e p a ra t io n  b e in g  v a r ie d  
from 0.05 cm to  1 ,0  cm and th e  ra d iu s  o f th e  w ire from 0.001 cm to
0 .0 1  cm. R esu lts  a re  reproduced  in  f i g s .  5 .1  to  5 .4  g iv in g  th e  p e rce n ­
tag e  o f th e  in c id e n t f i e l d  th a t  i s  t r a n s m itte d  by th e  g ra t in g .  As expec ted  
th e  tran sm iss io n  drops as th e  w avelength i s  in c re a s e d , th e  w ire se p a ra ­
t io n  i s  decreased  and th e  ra d iu s  i s  increased*  In  each case the  g ra tin g  
in c re a s in g ly  approxim ates to  a s o l id  r e f le c t in g  s h e e t .  Runs w ith  the  
g ra tin g  param eters  used in  exp erim en ta l work a re  in c lu d ed  in  ch ap te r  VII 
where com parisons w ith  measured r e s u l t s  are  made.
Having co n sidered  norm ally  in c id e n t  r a d ia t io n ,  th e  program was run 
w ith  v a r ia t io n s  o f  th e  ang le  o f  in c id en ce  6 . The w ire  ra d iu s  and w ire 
s e p a ra tio n s  used were th o se  o f  th e  g ra tin g s  used in  th e  ex p erim en ta l work. 
Three freq u en c ies  were s e le c te d ,  two be in g  the  approxim ate l im i t s  o f  
th e  X~band freq u en c ies  and th e  o th e r  in  th e  c e n tre  o f  th e  band. R esu lts  
a re  p lo t te d  in  f i g .  5 .5  and 5 .6  and e x h ib i t ,  as ex p ec ted , an approxim ate 
co s in e  dependency. Of course t h i s  approxim ation i s  le s s  v a l id  fo r  th e  
g ra t in g  w ith  th e  la rg e r  w ire  s e p a ra tio n  s in ce  th e  term  d/A i s  more 
s ig n i f i c a n t ,  E xperim en tal read in g s  were taken  w ith  such c o n fig u ra tio n s  
and th e se  a re  compared w ith  th e  th e o r e t ic a l  p re d ic t io n s  in  c h a p te r  V II.
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TRANSMISSION AMPLITUDE (as a percentage of jn p u t)
WAVE LENGTH (crn)
Fig 5*1 Transmission of E vector parallel
. to wires of grating as a function of
wavelength ( w ire  radius = 0-002cm)
— 71 —
TRANSMISSION AMPLITUDE(asctpercentage of input)
Fig 5-2 Transmission of E vector parallel
to wires of grating as a function of
wavelength (wire radius = 0-004cm)
TRANSMISSION AMPUTUDE (ascipercen tage of input)
WAVELENGTH ( c m )
Fig 5*3 Transmission of E vector parallel
to wires of grating as a function of
wavelength (w ire  radius =OOCBcm)
TRANSMISSION AMPUTUDE(as a percentage of input)
WAVELENGTH(cm)
Fig 5*4 Transmission of E vector parallel
to wires of grating as a function of
wavelength (w ire  radius =0*01cm)
TRA NSMISSION AMPLITUDE (as a percent a g© of i nput)
ANGLE OF INCIDENCE(degrees-)
Fig 5'5 Transmission of E vector parallel 
to wires of g ra ting  as a function  of 
angle of incidence (w ire  separation =0*34cm)
- 7 5
TRANSMISSION AMPLI TUDEfas a percentage of input)
Fig 5-6 Transmission of E vector parallel to
wires of grating as a function of
angle Of incidence (w ire  separation =0-68cm)
5 ,4 . A n a ly tic a l r e s u l t s : two g ra tin g s
The p aper by Groves in c lu d ed  p lo ts  o f p e rcen tag es  o f  in c id e n t
power tra n s m itte d  by a two g ra t in g  system . Groves gave r e s u l t s  o b ta in ed  
by com putation and exp erim en t. A comparison was made, th e re fo re ,  by 
u sing  s im i la r  param eters  in  i n i t i a l  runs o f  th e  tw o -g rid  program. The 
case considered  was t h a t  in  which th e  in c id e n t f i e l d  was p o la r is e d  in  th e  
x d ir e c t io n  and th e  w ires  o f  th e  g ra tin g s  were in c lin e d  a t  ang les  o f  
60q and 30° re s p e c t iv e ly  t o  th e  x axis*  P lo ts  o f  th e  tra n s m itte d  powers
in  bo th  x and y d ir e c t io n s  as a percen tag e  o f  th e  in c id e n t power w e re ’
o b ta in ed  as a fu n c tio n  o f  g r id  s e p a ra t io n , th e  u n its  o f  which were 
e l e c t r i c a l  degrees i . e .  a s e p a ra tio n  o f  X was e q u iv a le n t to  360°.
R esu lts  a re  p lo t te d  in  f ig .  5 .7  and f i g .  5 .8 , and show f a i r l y  good 
agreem ent w ith  those  o f  Groves.
The g r id  param eters  used were as fo llo w s :-
a) th e  ra d iu s  o f  th e  w ires  was 0.0875 cm
b) th e  s e p a ra t io n  o f  th e  w ires  o f  bo th  g ra tin g s  was e i th e r  0 .7  cm
o r 1 .4  cm
c) th e  w avelength was 3.2 cm.
One fe a tu re  o f  th e  p lo t s  was th e  f a c t  th a t  when th e  w ire  s e p a ra t io n  
was sm a ll compared to  w aveleng th , th e  tran sm iss io n  was f a i r l y  co n s ta n t 
over most values o f  g r id  s e p a ra t io n . This seemed to  in d ic a te  t h a t ,  
although  h ig h e r values o f  tra n s m itte d  power could  be ob ta in ed  by choosing 
th e  a p p ro p ria te  value o f  g r id  s e p a ra t io n , fo r  a system  w ith  an a r b i t r a r y  
g r id  s e p a ra tio n  th e  use o f  sm a lle r  w ire s e p a ra tio n s  made th e  frequency o f  
th e  in c id e n t r a d ia t io n  le s s  c r i t i c a l .  This type o f  g r id  system , th e re fo re ,  
had b e t t e r  broad  band p r o p e r t i e s .
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5 .5 . A n a ly tic a l r e s u l t s : m u ltip le  g ra tin g s
The only th e o r e t ic a l  r e s u l t s  a v a i la b le  fo r  m u ltip le  g r id  co n fig u ra ­
t io n s  were those  o f Groves as quoted above. The v e rs io n s  o f  th e  computer 
program fo r  la rg e r  numbers c f  g ra tin g s  were ru n , th e re f o r e ,  u s ing  
s im i la r  param eters as in  th e  ex p erim en ta l work, th i s  en ab lin g  com parisons 
to  be made (see  c h a p te r  V III)*
A run o f  th e  n in e -g ra t in g  v e rs io n  was made in  o rd e r  to  i l l u s t r a t e  
th e  b e t t e r  r o ta t io n a l  p ro p e r t ie s  o f  assem blies co n ta in in g  a la rg e r  
number o f  g ra tin g s  and th e  r e s u l t s  compared w ith  those  o f  f iv e - g r a t in g  
assem blies  (see  c h a p te r  V I I I ) .
During th e  i n i t i a l  runs  o f  th e  m u ltig r id  programs in  A lg o l, the 
t o t a l  t ra n s m itte d  and r e f le c te d  power was found to  exceed th e  in c id e n t 
power and i t  was a t  t h i s  s ta g e  t h a t  th e  e r r o r  d esc rib ed  in  s e c tio n  5.2  
became p la in ly  e v id e n t.  A fte r  th e  program was r e -w r i t te n  in  F o r tra n , 
however, the  e r r o r  became le s s  s ig n i f i c a n t  and anom alies were found 
only when extrem es o f  param eter va lues were used.
B earing  in  mind th e  problem  o f  m odifying, w ith o u t lo s s ,  th e  
p o la r i s a t io n  o f  an o therw ise  f ix e d  p o la r is e d  an ten n a , program runs w ith  
v a rio u s  c o n fig u ra tio n s  were made. Large in t e r g r id  spacings were used 
to  avo id  any e r r o r  due to  th e  assum ption made o f  dominant mode propa­
g a tio n  only and w avelength was v a r ie d  fo r  values up to  th e  in t e r g r id  
sp ac in g .
The case o f  sm all g r id  param eters compared w ith  w avelength could 
be s im p lif ie d  by ig n o rin g  th e  r e f le c t i o n  o f  wave components p e rp e n d ic u la r  
to  th e  g r id  w ire s ,  and c o n s id e r in g  th e  p a r a l l e l  component to  be t o t a l l y  
r e f le c te d  w ith  a 180° phase change. The w ires  o f th e  g r id  could be co n sid e red
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to  be in c lin e d  a t  an ang le  to  those  o f  i t s  neighbour. The f i r s t  g r id ,  
s a y , would tra n sm it a l l  r a d ia t io n  in  a d ir e c tio n  p e rp e n d ic u la r  to  i t s  
w ires  w ith o u t any change. This r a d ia t io n  would then  have some component 
ly in g  p a r a l l e l  to  th e  w ires  o f  th e  n ex t g ra t in g , and t h i s  component would 
s u f f e r  a 180° phase change on be in g  r e f le c te d i  From sim ple c o n s id e ra tio n s  
i t  would be expected  th a t  a l l  such r e f le c t io n s  would in t e r f e r e  to  give ' 
d ips in  the  tr a n s m itte d  f i e l d  when th e  in te r g r id  sp ac in g  was m u ltip le s  o f  
A/2.
On runn ing  th e  program , co rrespond ing  f a l l s  in  th e  tra n s m itte d  
power were observed . As w avelength d ecreased , more m u ltip le s  o f  A/2 
became s a t i s f i e d .  With b road  band p ro p e r t ie s  in  mind, i t  was ev id en t 
t h a t  th e  sm a lle r  th e  in t e r g r id  sp ac in g  th e  sm a lle r  th e  number o f  t r a n s ­
m ission  d ips in  a given frequency ran g e . For g r id  s e p a ra tio n s  always 
le s s  than  th e  w aveleng th , no such d ip s  would o ccu r. However, th e  i n t e r ­
g r id  e f f e c t s  may have been s ig n i f i c a n t  and so ex p erim en ta l work was 
re q u ire d  to  determ ine th e  im portance o f  evanescan t mode p ro p ag a tio n .
An a l te r n a t iv e  s o lu tio n  to  th e  above was in v e s t ig a te d  th e o r e t ic a l ly .  
By v ary ing  th e  in t e r g r id  s e p a ra tio n s  along  th e  cascade, i t  was thought 
p o s s ib le  th a t  r e f le c t io n s  between two g r id s  would have been s l i g h t ly  
o u t o f  phase w ith  those  between th e  fo llow ing  two g r id s  and so on. Thus 
th e  in te r f e re n c e  e f f e c t s  above might n o t have been so  s ig n i f i c a n t .  How­
e v e r i t  was p o s s ib le  t h a t  th e  only  r e s u l t  would have been to  in c re a se  
th e  number o f  tra n sm iss io n  power d ip s  s in c e  a la rg e r  number o f  m u ltip le s  
o f  w avelength to  eq u a l in t e r g r id  d is ta n c e s  would e x i s t .  On runn ing  
th e  p rogram ,the  l a t t e r  e f f e c t  was th e  most dom inant, r e s u l t in g  in  a 
co n s id e rab le  d e te r io r a t io n  in  o v e ra l l  perform ance.
-  81 -
S im ila r ly  th e  e f f e c t  o f  v a ry in g  ra d iu s  and w ire s e p a ra tio n  from 
one g ra t in g  to  an o th e r was in v e s t ig a te d  ( i . e .  a l t e r in g  th e  dom inating 
value o f  th e  inductance seen by th e  p a r a l l e l  components o f  f i e l d ) .  The 
r e s u l t  o f  t h i s  was to  vary th e  phase and am plitude o f  r e f le c te d  compo­
n e n ts . A number o f  va lues o f  w ire  ra d iu s  and se p a ra t io n  were used as 
param eters  when runn ing  th e  program b u t ,  a g a in , some d e te r io r a t io n  in  th e  
perform ance was observed . The tra n sm iss io n  d ips showed l i t t l e  change b u t 
th e  tra n sm iss io n  o b ta in ed  between th e se  d ips was co n sid e ra b ly  reduced a t  
lower w avelengths (a s  would be expected  s in c e  th e  e f f e c t  o f  vary ing  
ra d iu s  and g r id  c o n s ta n t would be g r e a te r  fo r  values o f  w avelength o f  
th e  same o rd e r ) .
The r e s u l t s  o b ta in ed  th e o r e t ic a l ly  i l l u s t r a t e d  n o t only  th e  
p o s s i b i l i t y  o f  u s in g  th e  g ra t in g  s t r u c tu r e  as a f i l t e r  and spectrum  
a n a ly se r ,  b u t a lso  th e  use o f  s u i ta b ly  o r ie n ta te d  g ra tin g s  as r o ta to r s  
o f  the  p lane  o f  p o la r i s a t io n  o f  an in c id e n t  wave. This i s  considered  
in  g re a te r  d e t a i l  in  c h a p te r  V III in  connection  w ith  ex p erim en ta l work. 
Having o b ta in ed  a  program , th e r e f o r e ,  which gave th e  r e f le c t i o n  and
i
tran sm iss io n  p ro p e r t ie s  o f  any g ra t in g  c o n f ig u ra tio n , exp erim en ta l 
r e s u l t s  were re q u ire d  bo th  to  t e s t  th e  v a l id i ty  o f  th e  m a trix  re p re ­
s e n ta t io n  and program e q u iv a le n t ,  and a lso  to  in v e s t ig a te  th e  e r r o r  
in tro d u ced  by th e  assum ption o f  dominant mode p ro p ag a tio n  only  (see  
l a t e r  c h a p te rs ) .
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CHAPTER VI
EXPERIMENTAL EQUIPMENT AND METHOD
The prim ary  aim o f  any ex p erim en ta l work was obv iously  to  check 
th e  v a l id i t y  o f th e  fo reg o in g  th e o r e t i c a l  c a lc u la t io n s .  Id e a l ly  th e  
measurements should  have been c a r r ie d  ou t over a wide range o f w ire  
d ia m e te rs , o f w ire s e p a ra tio n s  o r g r id  c o n s ta n ts ,  and, in  p a r t i c u l a r ,  
o f  f re q u e n c ie s . However, from a p r a c t i c a l  p o in t o f  view , th i s  range 
had to  be somewhat l im ite d .  For exam ple, freq u en c ies  were l im ite d  to  
th e  X-band range and, w ith  th e  power su p p lie s  a v a i la b le ,  t h i s  covered 
th e  spectrum  o f  7 .4  GHz to  10.7  GHz.
Work broke down in to  fo u r  s e c t io n s .  F i r s t ly  the  tra n sm iss io n  
p ro p e r t ie s  o f  a s in g le  g ra tin g  were to  be determ ined . This invo lved  
bo th  norm al and ob lique  in c id en ce  o f  th e  prim ary wave, th e  l a t t e r  case 
in c lu d in g  both  0 and cf> dependence (see  f i g .  6 .1 ) .  Secondly th e  t r a n s ­
m ission  p ro p e r t ie s  o f two or more g r a t in g s ,  u s ing  norm al in c id e n c e , were 
to  be ev a lu a te d  and compared w ith  computed va lues u sing  th e  m a trix  
r e p re s e n ta t io n .  Follow ing on from t h i s ,  the  e f f e c t  o f  u sin g  g ra tin g s  w ith  
an in t e r g r id  spacing  o f  the  o rd e r o f a w avelength and le s s  was to  be 
in v e s t ig a te d  and compared w ith  th e  p rev io u s  r e s u l t s  fo r  la rg e r  sp ac in g s . 
F in a l ly  measurements were to  be taken  u sing  ob lique r a th e r  than  norm al 
inc id en ce  w ith  two o r  more g r a t in g s .  These r e s u l t s  were to  be compared 
w ith  th e o r e t ic a l  c a lc u la t io n s  based  on a knowledge o f  bo th  0 and <J> 
dependence.
6 . 1 .  In tro d u ctio n  and Review
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Having c l a r i f i e d  th e  n ece ssa ry  experim en ta l work, the  nex t s te p  
was to  decide how to  e f f e c t  th e se  m easurem ents. There were two p o in ts  
to  be considered  h e re ,  f i r s t l y  the  design  and c o n s tru c tio n  o f  the  g ra tin g s  
th em selves, and secondly  th e  ap p ara tu s  to  be employed. These a re  very 
in te rd ep en d en t s u b je c ts ,  th u s  making i t  im possib le  to  t r e a t  e i th e r  in  
i s o la t io n .  However th e  ex p erim en ta l appara tu s and method w i l l  be b r i e f l y  
considered  and th e  type o f g ra tin g  c o n s tru c te d  s p e c if ie d  p r io r  to  g re a te r  
experim en ta l d e t a i l  b e in g  g iv en .
Some experim en ta l work had p re v io u s ly  been done, c h ie f ly  on the
s in g le  g ra t in g  b u t a lso  to  a le s s e r  e x te n t on a double g ra tin g  c o n f ig u ra tio n
[ 6 ]Esau, Ahrens and Kebbel used a p a ra b o lic  r e f l e c to r  and d ip o le  feed  as
a p lan e  wave g e n e ra to r , and, u sing  a bolom eter as a d e te c to r ,  no ted  th e ,
drop in  s ig n a l  when a w ire  g ra t in g  was in tro d u ced  between th e  feed  and 
[5]d e te c to r .  Decker used 18 inch (46 cm) p a ra b o lic  r e f l e c to r s  as 
tr a n s m itt in g  and re c e iv in g  an ten n ae , and a p re c is io n  a t te n u a to r  to  
p rov ide  th e  s ta n d a rd  o f  r e l a t i v e  power measurement. By n o tin g  th e  
change in  a t te n u a tio n  n ece ssa ry  to  produce a given in d ic a tio n  o f re c e iv e d  
power, th e  power tran sm iss io n  c o e f f ic ie n t  was d i r e c t ly  a v a i la b le .  This 
f a m i l ia r  n u l l  method o f  course e lim in a te d  th e  need fo r  a knowledge o f 
th e  c h a r a c te r i s t i c s  o f  the  s p e c i f i c  c r y s ta l  d e te c to r  a t  v a rio u s  power 
le v e ls .  Any a cc u ra te  experim en ta l work must invo lve the  use o f a n u l l  
method. Decker a ls o  in c lu d ed  some work on d i f f r a c t io n  e f f e c t s  and th i s  
had b ea rin g  on th e  s iz e  o f g ra t in g  to  be used in  the  c u r re n t work. This 
w i l l  be d iscu ssed  in  more d e t a i l ,  th e re f o r e ,  when c o n s id e rin g  g r id  
c o n s tru c tio n  b u t ,  s u f f ic e  i t  to  say  a t  th i s  ju n c tu re ,  t h a t  th e  horn o r 
r e f l e c to r  s iz e  p a r t ly  determ ined  th e  g ra t in g  dim ensions. S ince th e re  was 
a p r a c t i c a l  l im i t  on th e  s iz e  o f  g ra t in g  th a t  could be handled  co n v en ien tly , 
th e re  was a l im i t  on th e  horn o r  r e f l e c to r  s iz e .  A perture s iz e  d id
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de te rm in e , o f 'c o u r s e ,  th e  p ro p e r t ie s  o f  th e  w avefront produced.
[14 ]
Groves , m  h is  measurements on two g ra t in g s ,  used bolom eters 
to  m onitor bo th  th e  power ra d ia te d  from th e  feed  horn by e x t ra c t in g  a 
known p ro p o r tio n , and th e  power g a th e red  by the  re c e iv in g  horn . Thus 
r e l a t iv e  s ig n a ls  a t  t r a n s m it t in g  and re c e iv in g  horns were o b ta in ed , 
g iv in g  the  tran sm iss io n  p ro p e r t ie s  o f  the  g ra tin g s  when in te rp o se d . This 
method, a g a in , r e l i e d  on a knowledge o f  the  c h a r a c te r i s t i c s  o f th e  
d e te c tin g  b o lo m e te rs . Groves used re c ta n g u la r  horns b u t gave no in fo rm atio n  
on t h e i r  dim ensions.
[13 3G oodall and Jackson used a ro ta ry  vane a t te n u a to r  to  c a l ib r a te
the r e c e iv e r .  They a lso  used re c ta n g u la r  horns (19 cm x 15 cm) w ith , in  
a d d i t io n , a pe rsp ex  le n s  in  o rd e r  to  minimise r e f le c t io n s  from n e ig h ­
bouring  o b je c ts  and to  ensu re  t h a t  th e  tra n sm itte d  r a d ia t io n  a l l  passed  
w ith in  the  g ra t in g  p e r ip h e ry .
6 .2 .  B asic  system  design and use
At t h i s  p o in t  i t  should  be n o ted  th a t  in  a l l  o f  th e  above works 
the  tran sm iss io n  a n p litu d e  alone was measured. In o rd e r  to  j u s t i f y  
th e o r e t ic a l  r e s u l t s  i t  was a lso  d e s ira b le  to  observe th e  accompanying 
phase change on in s e r t io n  o f  th e  g ra t in g .  Since t h i s  could  n o t have 
been done w ith  th e  type o f  c i r c u i t s  in d ic a te d  above, an a l te r n a t iv e  
tech n iq u e  was re q u ire d . A s tra ig h tfo rw a rd  method was found in  th e  
c o n s tru c tio n  o f  a b rid g e  c i r c u i t  (see  f i g .  6 ;2 ) .  A r e f le x  k ly s tro n  was 
used as a source and th e  s ig n a l  produced was m odulated u sing  a 3 KHz 
square wave m odulation o f  th e  r e f l e c to r  v o lta g e . I t  was, o f c o u r s e t h i s  
m odulation o f  the o r ig in a l  s ig n a l  t h a t  could be d e te c te d , am p lified  and 
so on, r a th e r  than  th e  GHz s ig n a l  i t s e l f .  E xperim entation  was perform ed 
using  X-band su p p lie s  due to  th e  a v a i l a b i l i t y  o f  equipment designed  fo r
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th e se  freq u en c ies  i . e .  7 .4  GHz to  10.7 GHz fo r  th e  k ly s tro n  used. The 
s ig n a l  was i n i t i a l l y  passed  through an i s o l a to r ,  th e  purpose o f  which 
was to  p rev en t any r e f le c t io n s  in  th e  rem ainder o f  th e  system  from 
re tu rn in g  to  the  k ly s tro n  and cau sin g  v a r ia t io n s  o f  power o u tp u t and ’ '•
frequency o f  th e  g e n e ra to r . Thus the  k ly s tro n  e f f e c t iv e ly  saw a  match*
The s ig n a l  then  passed  to  a v a r ia b le  a t te n u a to r  ( to  c o n tro l  th e  power 
e n te r in g  th e  system ) and a c a v ity  wavemeter which had been c a l ib r a te d  
p re v io u s ly .
The b rid g e  s e c tio n  o f  th e  c i r c u i t  fo llow ed . Here th e  s ig n a l  was 
s p l i t  in to  two eq u a l p a r ts  u sin g  a magic t e e ,  one h a l f  o f  th e  power 
be in g  fed  to  th e  tr a n s m it t in g  p a ra b o lic  r e f l e c t o r ,  and th e  o th e r  through
an i s o l a t o r ,  a ro ta ry  vane a t te n u a to r ,  a phase s h i f t e r  and a le v e l  s e t t in g
a t te n u a to r .  The s ig n a l  g a thered  by th e  re c e iv in g  r e f l e c to r  was then 
recom bined w ith  the  re fe re n c e  s ig n a l  by u sing  a second magic te e  whose 
E arm was te rm in a ted  by a c r y s ta l  d e te c to r  w h ils t  th e  H arm saw a 
matched load . The two s ig n a ls  cou ld  then  be compared u sing  the  fo llo w in g  
w e ll  known p ro p e r t ie s  o f  th e  magic te e  (see  Montgomery ^30^ ). I f  s ig n a ls  
a re  fed  in to  e i th e r  s id e  arm o f  a magic t e e ,  then  com bination o f  th e  
s ig n a ls  i s  such th a t  components t h a t  a re  in  phase and o f  eq u a l magnitude ‘ ‘ 
a re  coupled in to  th e  H arm w h ils t  ou t o f  phase components a re  coupled 
in to  th e  E arm.
C onsider th e  c i r c u i t  as in  f ig ,  6 .2  w ith  no g ra tin g s  in s e r te d  
between the  h o rns . I t  i s  ap p aren t t h a t  th e  h o rn s , f re e  sp ace , and th e  
d i f f e r e n t  p a th  le n g th s  between th e  arms o f  the  b r id g e ,  in tro d u ce  some 
lo s s  in  s ig n a l  and change o f  p hase . As a r e s u l t ,  th e  two s ig n a ls  
which were o f  equal magnitude and in  phase a t  th e  f i r s t  magic te e  a r r iv e d  
a t  the  second magic te e  w ith  d i f f e r e n t  m agnitudes and ph ases . A ccordingly 
power was coupled in to  th e  E arm and an a m p lif ie r ,  tuned  to  re c e iv e  3 KHz
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square wave s ig n a ls ,  in  co n ju n c tio n  w ith  an in d ic a t in g  galvanom eter, 
dem onstrated th e  d e te c tio n  o f  th e  s ig n a l  as p icked  up by th e  c r y s ta l .
I f  th e  phase s h i f t e r  was then a l te r e d  so th a t  th e  phase advance (o r  
r e ta rd a t io n )  o f  th e  re fe re n c e  s ig n a l  caused the  phase d if fe re n c e  between 
i t  and th e  unknown s ig n a l  to  be reduced  on a r r iv a l  a t  th e  magic te e ,  then 
an in c re a s in g  p ro p o rtio n  o f  th e  power would have been coupled in to  th e  H 
arm and th e  d e te c te d  s ig n a l  in  th e  E arm reduced . When th e  phase 
d if fe re n c e  became z e ro , the  power coupled in to  th e  E arm would be a 
minimum, b u t n o t z e ro . This would be due to  th e  f a c t  th a t  th e  s ig n a l  
magnitudes were n o t eq u a l. I f  the  g re a te r  s ig n a l  was considered  a s .b e in g
s p l i t  in to  a s ig n a l  o f th e  same m agnitude as th a t  in  th e  o th e r  arm, p lu s  ,
a rem ainder, then th e  two in  phase s ig n a ls  o f eq u a l magnitude would be 
coupled in to  th e  H arm a lo n e . The rem ainder could then  be considered  
as b e ing  t o t a l l y  independent and, as a s ig n a l  in  th e  s id e  arm o f a 
magic t e e ,  could be d iv ided  in to  two equ a l p a r t s ,  one be ing  coupled in to
th e  H arm and th e  o th e r  in to  th e  E arm b u t w ith  a phase o f ± 180°. Thus
some power would s t i l l  reach  th e  c r y s ta l  d e te c to r .  I f  th e  le v e l  s e t t in g  
a t te n u a to r  was now a l te r e d  such th a t  th e  two side-arm  s ig n a ls  a t  the  
second magic te e  were e q u a l, then  a l l  o f  the power would be coupled in to  
th e  H arm and the  c r y s ta l  would d e te c t  a minimum which was a lso  a ze ro .
The p re c is io n  ro ta ry  vane a t te n u a to r  would be l e f t  s e t  a t  ze ro .
In p r a c t ic e  i t  was found th a t  on a l te r in g  one component, say th e  
a t te n u a to r ,  in  th e  re fe re n c e  arm th e  phase ba lance p re v io u s ly  ach ieved  
was d is tu rb e d . The ad justm en t o f phase and a t te n u a t io n ,  th e re fo re ,  had 
to  be re p e a te d  two o r th re e  t im e s , each tun in g  r e s u l t in g  in  a more ac c u ra te  
b a lance u n t i l  f i n a l ly  a ba lan ce  w ith  zero E arm s ig n a l  was ach ieved .
In f a c t  the  n o ise  le v e l  in h ib i te d  a zero  s ig n a l  co n d itio n  b u t was norm ally  
s u f f i c i e n t ly  low to  g ive  a f a i r l y  sharp  minimum. The c i r c u i t  was now 
ready  f o r  measurements on th e  g ra tin g  i t s e l f .
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The procedure was e s s e n t i a l ly  th e  same as above. The secondary
a t te n u a to r  had been used as a le v e l  s e t t in g  device and th e  p re c is io n
ro ta ry  vane a t te n u a to r  l e f t  s e t  a t  zero a t te n u a t io n ,  f o r  convenience,
as i t  could  be used to  g ive a d i r e c t  re a d in g . Now th e  ro ta ry  vane was
a d ju s te d  and th e  secondary a t te n u a to r  l e f t  f ix e d . The ro ta ry  vane
a t te n u a to r  was assumed to  have in tro d u ced  a n e g l ig ib le  change o f  phase
over i t s  e n t i r e  ran g e ; s im i la r ly  th e  phase s h i f t e r  was assumed to
in tro d u ce  a c o n s ta n t lo s s  over i t s  range o f phase s e t t i n g s .  This was in
f a c t  shown to  be t ru e  w ith in  ex p erim en ta l l im i t s .  I d e a l ly  a ro ta ry  vane
phase s h i f t e r  would have been used to  in c re a se  ex p erim en ta l accu racy ,
[27]had one been a v a i la b le  (s e e  Magid L J ) .
R eturn ing  to  th e  ex p erim en ta l p ro ced u re , the  re a d in g  o f  the  phase 
s h i f t e r  was n o ted  a t  i t s  s e t-u p  v a lu e . The in tro d u c tio n  o f  the  g ra t in g  
would cause a re d u c tio n  in  th e  s ig n a l  am plitude and a change o f  phase 
in  th a t  arm o f  th e  b r id g e .
This g iv es  an o u tl in e  o f  th e  b a s ic  th e o ry  beh ind  th e  b rid g e  c i r c u i t  
and i t s  employment in  th e  d e te rm in a tio n  o f th e  p ro p e r t ie s  o f  a g ra t in g .  
P a r ts  o f  th e  c i r c u i t ,  and in  p a r t i c u l a r  th e  g ra t in g  i t s e l f ,  w i l l  now be 
d iscu ssed  b e fo re  r e tu rn in g  to  co n s id e r the experim en ta l method in  g re a te r  
d e t a i l  and th e  problem s th a t  a ro se .
6 .3 . Design and C o n stru c tio n  o f  th e  G ratings and Mount
C onsider i n i t i a l l y  th e  design  and c o n s tru c tio n  o f  th e  g ra t in g s .
As mentioned p re v io u s ly  th e  cho ice o f  s iz e  o f  th e  g ra tin g  was dependent 
upon th e  dim ensions o f  th e  horn o r r e f l e c to r  to  be used , b u t w ith  an 
upper l im i t  s e t  by th e  re q u ire d  a b i l i t y  to  be handled  co n v en ien tly .
The s iz e  o f  th e  horn o r r e f l e c t o r  used was, in  tu r n ,  dependent upon th e  
a v a i l a b i l i t y  o f equipm ent. Hence i t  was decided i n i t i a l l y  to  use 10 f n
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(25 cm) p a ra b o lic  r e f l e c t o r s ,  th e  feed  o f  one be in g  a  double d ip o le  ( f o r  
c o n s tru c tio n  see S i lv e r  o r  T hourel ^ ^ ) a n d  th e  o th e r  o f  a ta p e re d
waveguide type w ith  s lo t t e d  r e a r  end feed  (see  G la z ie r  and Lamont 
o r  T h o u re l) , in  which a sm a ll, f l a t ,  r e f le c t i n g  sh e e t a t  the  end o f  th e  
guide d ire c te d  th e  energy back tow ards th e  r e f l e c to r  through two a p e r tu re s .  
I t  sh o u ld , however, be no ted  here  t h a t  one o f  th e se  r e f l e c to r s  was re p la c e d  
w ith  a pyram idal horn as th e  r e c e iv e r  (see  l a t e r ) .
This c o n fig u ra tio n  compared favourab ly  w ith  th a t  used by o th e r
[5]e x p e r im e n ta lis ts  who g ive  th e  re le v a n t d e t a i l s  o f th e  a p p a ra tu s . Decker 
however used 18 in  (45 ch) p a ra b o lic  r e f le c to r s  and d id  some work on' 
g ra t in g  s iz e s  and d i f f r a c t io n  e f f e c t s .  He used a g r id  whose p lane was 
p e rp e n d ic u la r  to  the  c e n tre  l in e  o f  th e  an tennae , b u t p laced  the  g r id  
a t  some d is ta n c e  from t h i s  l i n e , He then  slow ly moved th e  g r id  in to  the  
pa th  o f  th e  s ig n a l  r a d ia t in g  between th e  r e f le c to r s  and no ted  su ccess iv e  
s ig n a l  tran sm iss io n  le v e l s .  The e f f e c t  o f t h i s  was to  g ive an i n i t i a l  
r i s e  in  the re c e iv e d  s ig n a l  which he in te rp r e te d  as be ing  due to  
d i f f r a c t io n  from th e  edge o f  th e  g r id .  On moving th e  edge o f  th e  g r id  
tow ards and e v e n tu a lly  p a s t  th e  c e n tre  l i n e ,  the  s ig n a l  f e l l  and then  
le v e l le d  ou t u n t i l ,  a t  an edge d is ta n c e  o f  30 cm p a s t  th e  c e n tre  l i n e ,  
i t  rem ained p r a c t ic a l ly  c o n s ta n t .  Thus Decker concluded th a t  th e  g r id  
w idth  shou ld  be a t  l e a s t  60 cm to  avo id  d i f f r a c t io n  e f f e c ts . ’ He 
suggested  th a t ,  f o r  a g r id  w ith  g r e a te r  a t te n u a tio n  p r o p e r t ie s ,  the  
r e l a t i v e  magnitude o f  d i f f r a c te d  energy would be g re a te r  and hence even 
w ider g ra tin g s  should  be used.
On th i s  b a s is  i t  was decided  t h a t  a g ra tin g  w ith  a w idth o f  45 cms 
would be s u i ta b le  fo r  r e f l e c to r s  o f  25 cm d iam ete r. However, i t  was 
l a t e r  su sp ec ted  th a t  th i s  may n o t have been q u ite  la rg e  enough when 
ta k in g  measurements on a g ra t in g  in c l in e d  a t  an ang le  to  th e  c e n tre  l i n e .
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the reby  reducing  i t s  e f f e c t iv e  c ro s s - s e c t io n .  Using th e  g ra t in g  in  a 
p lane  norm al to  th e  l in e  o f p ro p a g a tio n , experim en ta l r e s u l t s  in d ic a te d  
th a t  th e  g ra tin g s  were s u f f i c i e n t ly  w ide.
In  dec id ing  upon th e  method to  be used to  c o n s tru c t th e  g r a t in g s ,  
two a l te r n a t iv e s  were co n sid ered , The most w idely  used method in  th e  • • 
l i t e r a t u r e  was to  c o n s tru c t a frame and to  s t r e t c h  w ires between two 
o p p o site  s id e s ,  e i th e r  by w inding around p in s  f ix e d  in  th e  frame o r by 
a t ta c h in g  to  a s e t  o f  lazy  tongs (see  Groves G oodall and Jackson .
r5]
and Decker ) .  The second c o n s tru c tio n  allow ed th e  spacing  o f  th e  w ires  
to  be v a r ie d . In f a c t  th e  f i r s t  c o n s tru c tio n  could have been extended 
to  p rov ide th i s  f a c i l i t y  by u sing  a frame th a t  was n o t perm anently  r i g i d .  
By loosen ing  co rn er j o i n t s ,  the  frame could have been t i l t e d  such th a t  
th e  w ires were no lon g er p e rp e n d ic u la r  to  the  s id e  o f  th e  frame to  which 
they  were f ix e d ,  th e reb y  red u c in g  th e  w ire sp ac in g . The a l te r n a t iv e  
method was to  use a woven g la s s  f ib r e  c lo th  w ith  w ires  woven a t  r e g u la r
in te r v a ls  in to  th e  w arp . The mesh could then  be coated  w ith  a r o l l e d  on
epoxy r e s in  and h e a t - t r e a te d .  Obviously v a r ia t io n s  o f  w ire s e p a ra tio n  
would have to  be achieved  by u sin g  s e v e ra l  warps w ith  d i f f e r e n t  w ire
sp ac in g s . The c r i t ic i s m  o f t h i s  method was th a t  as a r e s u l t  o f  th e
weaving p rocess th e  w ires were n o t s t r a i g h t  and, in  a d d i t io n ,  n o t always 
p a r a l l e l .  However, th e  d e v ia tio n s  were sm all compared to  th e  w avelength 
o f th e  in c id e n t r a d ia t io n  and, th e re fo re ,  deemed in s ig n i f ic a n t .
I t  was in ten d ed  th a t  work would be c a r r ie d  ou t a t  X-band freq u en c ie s
i . e .  fo r  w avelengths in  th e  range o f 2 .5 cms to  4 cms. In  o rd er to  
in v e s t ig a te  the  e f f e c t  o f  having neighbouring  g ra tin g s  c lo se ly  a lig n e d , 
in te r g r id  spacings o f le s s  than  a w avelength were e s s e n t i a l .  The minimum 
g ra tin g  s e p a ra tio n  would have been determ ined by th e  frame th ic k n e s s 1 had 
th e  f i r s t  method o f  c o n s tru c tio n  been used. S im ila r ly  v a r ia t io n s  in  th e
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g r id  s e p a ra t io n  could  have been ach ieved  con tinuously  over a wide range 
by mounting a d ja c e n t fram es on long th read ed  b o l t s  and u sin g  thumbscrews 
to  move one frame r e l a t i v e  to  a n o th e r . This would have been s t r a i g h t ­
forw ard w ith  two g ra tin g s  b u t somewhat cumbersome w ith  s e v e ra l  g ra t in g s .
The second method o f  c o n s tru c tio n  allow ed only f ix e d  g r id  s e p a ra t io n s ,  
determ ined by th e  a v a i l a b i l i t y  o f  p o ly s ty re n e  sh e e ts  to  be used as sp a c e rs , 
However th e re  would n o t have been th e  same d i f f i c u l t i e s  when using  more 
than two g ra tin g s  and, m oreover, th e  com binations o f  r e l a t i v e  w ire an g les  
from one g r id  to  an o th e r would c l e a r ly  have been i n f i n i t e .
Having re g a rd  to  th e  above c o n s id e ra tio n s  and th e  a v a i l a b i l i t y  o f
woven g la ss  f ib r e  c lo th  and i t s  ease  o f  c o n s tru c tio n , a v a r ia t io n  on th e
second techn ique was chosen. The w ires used were 40 S.W.G. (0 .048  in
d iam eter) and w ire  s e p a ra t io n s  o f  e i t h e r  1 /8  in s  o r 1 /4  in s  were a v a i la b le .
The g ra tin g s  thus formed were e s tim a te d  to  g ive a t te n u a t io n s  o f  th e  f i e l d
p a r a l l e l  to  the  w ires  o f  th e  o rd e r  o f 7.5 db and 2 .5  db r e s p e c t iv e ly .  The
g la s s  f ib r e  c lo th ,  a lthough  f a i r l y  r i g i d ,  needed to  be s tren g th en ed  and r a th e r
than  use a la y e r  o f epoxy r e s in ,  the  e lec tro m ag n e tic  c h a r a c te r i s t i c s  o f
which would be in  some d oub t, th e  c lo th  was sandwiched between two sh e e ts
o f  expanded p o ly s ty re n e , th e  p ro p e r t ie s  o f  which were r e a d i ly  determ ined .
In  f a c t ,  to  allow  f o r  very  c lo se  p rox im ity  o f  g r a t in g s ,  c lo th  backed w ith  one
sh e e t only was t r i e d  and found to  be s a t i s f a c to r y  in  the  se t-u p  used .
Epoxy r e s in  was used to  jo in  c lo th  and p o ly s ty re n e , b u t only in  th e  form
o f a narrow band around th e  p e r ip h e ry . In  a d d i t io n ,  as th e  g ra tin g s  were
to  be r o ta te d  a x i a l ly ,  i t  was conven ien t to  make them c i r c u la r  w ith  a
d iam ete r o f  approx im ate ly  45 cms. This dimension was in  keeping w ith  th a t
[5]recommended by Decker .
In  the  proposed experim ents a number o f  g ra tin g s  were to  be used 
and, in  o rd e r to  vary  th e  in t e r g r id  sp a c in g s , i t  was proposed to  use
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sh e e ts  o f  p o ly s ty re n e  as s p a c e rs . T herefore th e re  was a req u irem en t fox'’ a 
mount which would ho ld  th e  g ra tin g s  and sp ace rs  f irm ly  to g e th e r  w h ils t  
keeping  ab so rp tio n  and d i f f r a c t io n  e f f e c t s  to  a minimum. I t  a lso  needed 
to  be ab le  to  accommodate t o t a l  s t r u c tu r e s  o f  w idely  vary in g  th ic k n e s s e s .
A fram e, as shown in  f i g ,  6 .3 ,  was c o n s tru c te d . B r ie f ly ,  i t  c o n s is te d  o f  
two plywood sh e e ts  w ith  h o le s  o f  approxim ately  42 cm d iam eter i . e .  j.u s t le s s  
than  th e  g ra tin g  dim ension. The accommodation o f v a r ia b le  s t r u c tu re  
th ic k n e sse s  was ach ieved  by u s in g  fo u r long th read ed  b o l t s  w ith  w ing-nu ts 
thereby  clamping th e  g r id s  and p o ly s ty re n e  sp a c e rs . Experim ents showed th a t  
w ith  th e  c e n tre  o f  th e  frame c o in c id in g  w ith  th e  c e n t r e - l in e  o f the  
r e f l e c t o r s ,  d i f f r a c t io n  e f f e c t s  appeared  to  be n e g l ig ib le .  However, when 
the  frame was in c lin e d  a t  an ang le  o f  45° to  the  c e n t r e - l in e  the reby  
red u c in g  th e  e f f e c t iv e  d im ensions, a s l i g h t  r i s e  in  th e  s ig n a l  d e te c te d  by 
th e  re c e iv in g  an tenna in d ic a te d  th a t  d i f f r a c t io n  e f f e c t s  were becoming 
s ig n i f i c a n t .
I
The sp ace rs  used c o n s is te d  o f  r o l l e d  expanded p o ly s ty re n e  sh e e ts  
w ith  th ic k n e sse s  o f  2 mm and 5 mm, and 1 inch  moulded p o ly s ty re n e  s la b s ,  
the reb y  p ro v id in g  v a r ia t io n s  in  in t e r g r id  spacings in  d is c r e te  s te p s  from 
a minimum o f  A/16 ( ta k in g  A = 3.2 cm) up to  5A/2 (used  only  in  two g ra t in g  
m easurem ents). The la rg e r  l i m i t  cou ld  have been ex tended e a s i ly  b u t 
r e s u l t s  in d ic a te d  th a t  t h i s  was n o t re q u ire d .
I t  had been assumed th a t  th e  g la s s  f ib re  c lo th  and, p o s s ib ly ,  th e  
p o ly s ty re n e  sp ace rs  would have no e f f e c t  in  e lec tro m ag n e tic  te rm s. This 
seemed reaso n ab le  in  th e  case o f the  c lo th  due to  i t s  th in n e s s .  Had a 
c lo th  w ith o u t w ires  been a v a i la b le ,  however, measurements to  confirm  t h i s  
assum ption would have been perform ed. I t  could have ex p la in ed  minor e f f e c t s  
observed in  l a t e r  ex p erim en ts . The assum ption was e a s i ly  te s te d  in  th e  case 
o f  th e  p o ly s ty re n e . Experim ents w ith  vario u s  th ic k n e sse s  o f  p o ly s ty re n e  
were perform ed and th e  r e s u l t s  p lo t te d  in  f ig .  6 ,4 . Changes in  am plitude
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were found to  be n e g l ig ib le ,  b u t phase changes in tro d u ced  by th e  p o ly ­
s ty re n e  were s ig n i f i c a n t .  Thus a l l  experim en ta l r e s u l t s  had to  be c o rre c te d  
acco rd in g ly  and a l l  graphs given have had th i s  c o r re c tio n  made.
6 .4 . Choice o f  Antenna
In  dec id in g  th e  lo c a tio n  o f  th e  g ra tin g  s t r u c tu r e  between the  an ten n ae , 
th e  p ro p e r t ie s  o f  th e se  were co n s id e re d . T h e o re tic a l s tu d ie s  o f  th e  
g ra tin g  have been confined  to  il lu m in a tio n  by an i n f i n i t e  p lane wave, and, 
a lthough  th i s  could n o t be ach ieved  in  p r a c t ic e ,  as good an approxim ation 
as p o s s ib le  was sough t, Sm all pyram idal horns were in v e s t ig a te d ,  b u t i t  
was found th a t  th e  s ig n a l  decayed too  ra p id ly  as a fu n c tio n  o f  d is ta n c e  
from th e  a p e rtu re  to  be used as a feed  (see  f ig . ' 6 .5 ) a lthough  one was, 
used as r e c e iv e r  (see  s e c tio n  6 .6 ) .
As s ta te d  p re v io u s ly , p a ra b o l ic  r e f le c to r s  were used as th e  sou rce
and, i n i t i a l l y ,  the  r e c e iv e r .  They had f a i r l y  good d i r e c t i v i t y  b u t ,  as
would be ex p ec ted , th e  s ig n a l  decayed f a i r l y  ra p id ly  away from th e  c e n tre -  ■
l in e .  D ir e c t iv i ty  could  have been in c re ased  by in c re a s in g  th e  p a ra b o lic
dim ensions b u t the  o n se t o f  th e  F raunhofer reg io n  i s  u su a lly  tak en  to  l i e
in  th e  reg io n  2D2/A, where D i s  th e  maximum d iam eter o f th e  a p e r tu re .
S ince a uniform  p lane  wave, or i t s  n e a re s t  approx im ation , was re q u ire d ,
th e  g ra t in g  shou ld  have been p la ced  in  th e  F raunhofer reg io n  and hence
th e  la rg e r  the  value o f  D, th e  la rg e r  the  spac ing  o f  th e  antennae n e c e ssa ry .
The a p e rtu re  d is t r ib u t io n  was not. uniform  fo r  the  antennae used and hence
[29]th e  ex p ress io n  given above had to  be m odified . Mason gave an ap p ro x i­
mate form ula fo r  th e  d is ta n c e  o f  o n se t o f th e  F raunhofer reg io n  as
FA
A
where A -  A perture a rea
and F = r a t i o  o f  a c tu a l  ga in  to  the  gain  o f  a uniform ly il lu m in a te d
a p e rtu re  (and must th e re fo re  be le s s  than  u n i ty ) .
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Fig 6-5 FIELD CHARACTERISTICS OF PYRAMIDAL HORN
Looking into free space
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D if f ic u l t i e s  a ro se  in  d ec id in g  from where to  measure t h i s  d is ta n c e  and so  
the  r a d ia t io n  f i e l d  o f  th e  p a ra b o lic  r e f le 'c to r  was in v e s t ig a te d  experim en­
t a l l y .  This was done by sam pling th e  f i e l d  a t  r e g u la r  in t e r v a ls  along  th e  
a x is  o f  th e  p a rab o la  w ith  a d ip o le  p robe . Measurements were taken  w ith  
th e  p a rab o la  look ing  in to  f r e e  space and th e  s ig n a l  d e te c te d  was p lo t te d  
(see  f i g .  6 .6 ) .  I t  shou ld  be n o ted  t h a t  th e  p e r io d ic  f lu c tu a t io n s  su p e r­
imposed on th e  g en e ra l curve shape were p robab ly  due to  th e  mismatch 
in tro d u ced  by th e  d ip o le . This had b ea rin g s  on th e  problem  which aro se  
when e i th e r  a re c e iv in g  an tenna o r  the  g ra tin g s  were p la ced  in  th e  f i e l d .
The g e n e ra l curve fo llow ed approx im ately  th e  expected  F raunhofer 1 / r  
decay fo r  d is ta n c e s  o f  50 cm o r more, th e se  be ing  measured from th e  feed . 
Thus i t  was co n sid ered  n ece ssa ry  to  perform  th e  experim ents w ith  th e  
g ra tin g  p la ced  a t  l e a s t  50 cms from th e  feed .
I t  shou ld  be n o ted  th a t  th e  exp erim en ta l work r e l i e d  on th e  f i e l d  
o f  th e  antennae b e in g  known and was in  f a c t  perform ed assuming a l in e a r ly  
p o la r is e d  f i e l d .  In  th e  case o f  a pyram idal horn the  f i e l d  was taken  to  
be p o la r is e d  p a r a l l e l  to  th e  narrow  w a lls  o f th e  feed in g  waveguide. For the  
d ip o le  i t  was taken  to  be p o la r is e d  p a r a l l e l  to  th e  d ip o le  a x is .  In 
p r a c t ic e  th e se  assum ptions a re  n o t n e c e s s a r i ly  t r u e .  For exam ple, in  th e  
case o f  a d ip o le ,  th e  assum ption i s  t ru e  only in  a p lane  p e rp e n d ic u la r  to  
th e  d ip o le  a x is  and b is e c t in g  th e  d ip o le . With a knowledge o f  th e  f i e l d  
due to  a r a d ia t in g  d ip o le ,  th e  induced l in e s  o f  c u r re n t in  th e  p lan e  o f  th e  
a p e r tu re ,  th e  p a ra b o lic  r e f l e c t o r  in  t h i s  c a se , had components bo th  p a r a l l e l  
and p e rp e n d ic u la r  to  the  d ip o le  a x is  (se e  f ig .  6 .7 ) .  The r e s u l t in g  c ro s s -  
p o la r i s a t io n  would have been u n d e s ira b le  and, somewhat a n t ic ip a t in g  
exp erim en ta l r e s u l t s ,  th e  use o f  a s u i ta b le  g ra tin g  to  reduce th e  perpen ­
d ic u la r  component was co n sid e red . However i t  was found th a t  by r o ta t in g  
th e  re c e iv in g  an tenna th rough  90°, no s ig n a l  was d e te c te d  and so i t  was 
concluded th a t ,  w ith in  th e  s e n s i t i v i t y  o f  th e  ap p ara tu s  used , c ro ss-p o .la - 
r i s a t i o n  e f f e c t s  were n o t s ig n i f i c a n t .
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Fig 67  Cross-polarisation o fd ipo le feed
GALVANOMETER READING
ATTENUATOR OR PHASE SETTING
Fig 6-8 Galvanometer response about bridge 
balance position
a) expected response
b) actual response
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R edheffer and W inkler ^35^ , in  t h e i r  work on th e  measurement o f  
d i e l e c t r i c  c o n s ta n ts ,  used a type o f  phase b rid g e  c i r c u i t .  They made 
an a ttem p t to  choose th e  p a th  le n g th s  o f  e i th e r  arm o f th e  b rid g e  in  
o rd e r  to  minimise th e  e f f e c t  o f  any frequency d r i f t  in  th e  microwave 
g e n e ra to r . They o b ta in ed  th e  fo llo w in g  ex p re ss io n .
a = 2b + c (1  -  A2 /A 2c
where a = g eo m etrica l p a th le n g th  o f  th e  re fe re n c e  arm
b = g eo m etrica l p a th le n g th  o f  th e  waveguide s e c tio n  o f  th e
v a r ia b le  arm
c = g eo m etrica l p a th le n g th  o f  th e  fre e  space s e c tio n  o f  th e  v a r ia b le  
arm.
This was d i r e c t ly  a p p lie d  to  th e  b rid g e  c i r c u i t  as d e sc rib e d  in  s e c tio n  6 .2  
For a given experim en ta l s e t-u p  th e  co n d itio n  could only  be f u l f i l l e d  a t  
a  s in g le  frequency b u t ,  by choosing t h i s  frequency to  l i e  f a i r l y  c e n t r a l ly  
in  the  spectrum  o f  freq u en c ie s  used , d r i f t  e f f e c t s  were m inim ised.
In  f a c t  most o f  th e  ex p erim en ta l work was done a t  a s in g le  frequency , 
a lthough  frequency d r i f t  was n o t thought to  be s ig n i f i c a n t  w ith  th e  
ap p ara tu s  used. Care was always taken  to  ensu re  th a t  th e  power supply  and
k ly s tro n  were given ample tim e to  warm up and s e t t l e ,  and fre q u e n t checks
were made to  see th a t  the  b rid g e  was s t i l l  in  b a lan ce  w ith  no gloating 
p la ced  between th e  an ten n ae , any ad justm en ts n ecessa ry  be in g  made. S ince 
i t  was a f a i r l y  sim ple m a tte r  to  f u l f i l l  R e d h e ffe r 's  c o n d itio n , th e  p a th -  
leng ths were chosen acc o rd in g ly .
I t  can be seen t h a t  th e  sm a lle r  the  value o f  c used , th e  le s s  
s e n s i t iv e  to  frequency d r i f t  th e  b rid g e  would have been . However, ta k in g  .
6 ■5 • Development o f  System Design
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in to  c o n s id e ra tio n  th e  requ irem en ts  fo r  F raunhofer f i e l d  c o n d itio n s , a 
value  o f  about 110 cms was chosen fo r  c . I t  w as, o f  co u rse , somewhat 
d i f f i c i l l t  to  a ss ig n  values to  b and c due to  th e  u n c e r ta in ty  o f  th e  
p o s it io n s  o f  th e  b o u ndaries between waveguide and f re e  space . Free space 
p a th le n g th s  were taken  from th e  d ip o le  fe e d , w ith  some c o r re c tio n  b e in g  
made fo r  th e  p a th le n g th  in c u rre d  by waves t r a v e l l i n g  back from d ip o le  
to  r e f l e c t o r ,  o r from th e  mouth o f  th e  horn .
In th e  course o f  th e  experim ent two e f f e c t s  were observed . F i r s t l y  
i t  was found th a t  th e  tra n sm iss io n  by a g ra t in g  v a r ie d  co n s id e rab ly  when 
i t s  p o s i t io n  between th e  two an tennae was a l te r e d .  Secondly, in s te a d  o f  
o b ta in in g  a minimum when th e  b rid g e  was b a lan ced , a double minimum was 
observed . The second e f f e c t ,  b e in g  more e a s i ly  e x p la in e d , w i l l  be d e a l t  
w ith  f i r s t .
As has been d esc rib e d  p re v io u s ly , th e  b rid g e  was balanced  when th e  
magnitude and phase o f  th e  s ig n a ls  in  e i th e r  arm o f  th e  second magic te e  
were e q u iv a le n t , r e s u l t in g  in  a minimum and, th e o r e t ic a l ly  a t  l e a s t ,  a 
ze ro . S lig h t  d e v ia tio n s  in  magnitude o r phase in  e i t h e r  arm should  have 
r e s u l te d  in  th e  in d ic a t in g  galvanom eter g iv in g  read in g s  as shown in  
f ig .  6 .8 a . E m p ir ic a lly , two sharp  minima w ith  a f a i r l y  sharp  c e n t r a l  
maximum were found (se e  f ig .  6 .8 b ) . This maximum was o f  the  o rd e r  o f  2 
o r 3 db up on the  minima whereas p u t t in g  th e  b rid g e  o u t o f ba lan ce  r e s u l te d  
in  a ra p id  r i s e  o f  th e  d e te c te d  s ig n a l  by more than 40 db. With the  
s e n s i t i v i t y  o f  th e  c r y s ta l  d e te c to r  and t h e ' subsequent a m p lif ic a tio n , th e  
minima were observed as z e ro s ,  w ith in  th e  l im i ts  o f  system  n o is e .
B ridg ing  te c h n iq u e s , in  which the  p o s it io n  o f  a b road  minimum can 
be e s tim a te d  by n o tin g  th e  s e t t in g s  fo r  equal s ig n a l  s tre n g th s  on e i th e r  
s id e  o f  th e  minimum and the  mean o f  such p o s it io n s  taken  as th a t  o f  th e
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minimum i t s e l f ,  were a p p lie d  to  th e  case in  hand. In s te a d  o f  n o tin g  
p o s it io n s  in  a waveguide l in e  when u sin g  a V.S.W. m e te r, values o f  a t te n u a t io n  
o r  phase ang le  g iv in g  e q u a l s ig n a l  s tre n g th s  as in d ic a te d  by the  galvano­
m eter were n o ted . Averaging th e se  gave the  re q u ire d  va lue  o f  a t te n u a t io n  
o r  p h ase , and th i s  was found to  co in c id e  w ith  th e  value a t  th e  c e n t r a l  
maximum. Thus i t  appeared th a t  th e  b rid g e  could be ba lanced  by a d ju s t in g  
the  phase and a t te n u a t io n  in  th e  re fe re n c e  arm to  g ive t h i s  c e n t r a l  
maximum.
In  tr y in g  to  a s c e r ta in  a  reaso n  fo r  th e  double minimum, two p o s s ib le  
causes were a p p a re n t. F i r s t l y  i t  was though t th a t  mismatches and the  
r e s u l t in g  r e f le c t io n s  o f  power w ith in  th e  system  were re s p o n s ib le .  As 
w i l l  be d e ta i le d  l a t e r  s te p s  were taken  to  overcome th e s e ,  b u t were found ' 
to  have no e f f e c t  on t h i s  p a r t i c u l a r  problem . The o th e r  p o s s ib le  cause 
was th e  p resence  o f  two r a th e r  than  one frequency , and th i s  was i n v e s t i ­
g a ted  u sing  a frequency spectrum  a n a ly se r . R esu lts  in d ic a te d  t h a t ,  in  
a d d itio n  to  th e  c a r r i e r  frequency , th e re  was a number o f  o th e r  frequency  • > 
s ig n a ls  o r " b a c k c h a tte r” p re s e n t .  Although th i s  was s e v e ra l  db down on 
th e  c a r r i e r  s ig n a l ,  o f  a low er frequency  and dying o f f  f a i r l y  ra p id ly  as 
frequency d ecreased , i t  d id  cover a b road  frequency spectrum  and the  
t o t a l  power co n ta in ed  th e re in  was s ig n i f i c a n t .  Each o f  th e se  a u x i l ia ry  
freq u en c ie s  had some a s s o c ia te d  ba lance  co n d itio n  fo r  phase and a t te n u a t io n ,  
and the  combined e f f e c t  was to  r e s u l t  in  th e  two b a lance  p o in ts  observed .
I t  xtfas found t h a t ,  w ith  th e  equipment a v a i la b le ,  t h i s  "b ack ch a tte r"  
cou ld  n o t be reduced . I t  was dec id ed , th e re fo re ,  to  re p la c e  the  c r y s ta l  
d e te c to r  te rm in a tin g  th e  E arm o f  the  te e  ju n c tio n  w ith  th e  spectrum
a n a ly se r . The b rid g e  was b a lanced  as a c c u ra te ly  as p o s s ib le  by o b ta in in g
/
a minimum in  the  c a r r i e r  s ig n a l  r a th e r  than in  th e  combined s ig n a l  as seen 
by th e  c r y s ta l .  The ba lan ce  c o n d itio n s  o b ta in ed  were found to  correspond
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very c lo se ly  w ith  tho se  o b ta in ed  in  d e te c tin g  the c e n t r a l  maximum d esc rib e d  
above. I t  was concluded th e re fo re  t h a t  ta k in g  th e  p o s i t io n  o f  th e  c e n t r a l  
maximum as co rrespond ing  to  th e  ba lan ce  co n d itio n  was v a l id .  I t  should  be 
no ted  th a t  in  any fu tu re  re fe re n c e s  to  th e  ba lance c o n d itio n s , " th e  minimum" 
w i l l  be used in  p re fe re n c e  to  " th e  c e n t r a l  maximum" o f  th e  double minimum 
e f f e c t  in  o rd e r  to  avoid  co n fu sio n .
The o th e r  e f f e c t  observed du rin g  exp erim en ta l work was th e  v a r ia t io n  
o f  tra n sm iss io n  as a fu n c tio n  o f  g ra t in g  p o s it io n  between the  an tennae. 
R egular read in g s  were taken  over a wide range o f  g ra t in g  p o s it io n s  and a 
ty p ic a l  a t te n u a t io n  and phase response  i s  p lo t te d  in  f i g .  6 .9  and f ig .  6 .1 0 . 
Here i t  can be seen th a t  th e  a t te n u a t io n  in tro d u ced  by a g ra tin g  whose 
w ires l i e  p a r a l l e l  to  th e  a x is  o f  p o la r i s a t io n  v a r ie d  from 0 db to  
approxim ately  11.5 db. I t  can be seen a lso  t h a t  th e  v a r ia t io n  was p e r io d ic  
and th a t  th e  d is ta n c e  between su ccess iv e  maxima o r minima was h a l f  a wave­
le n g th . E f fo r ts  were th e re fo re  made to  tune th e  c i r c u i t  and th e reb y  reduce 
th i s  and o th e r  sou rces  o f  m ism atches. In f a c t  some tu n in g  was a lre a d y  in  
e x is te n c e  b u t was o m itted  from p rev io u s  d isc u ss io n s  in  o rd e r th a t  a l l  
tu n in g  could be d e a l t  w ith  h e re .
In  o rd e r to  minimise s ta n d in g  waves in  the  system  the  fo llo w in g  
p rocedure  was adop ted . Tuning o f  th e  c i r c u i t  was done most co n v en ien tly  by 
working backwards from th e  second magic te e  to  the  f i r s t .  I t  was assumed 
th a t  th e  k ly s tro n  was m atched, hav ing  employed an i s o l a to r  to  b u f f e r  i t  
from the  r e s t  o f  th e  c i r c u i t .  I t  i s  a p ro p e rty  o f  th e  magic te e  t h a t  i f  
i t  appears matched lo o k in g  in to  th e  E and H arm s, then a u to m a tic a lly  a 
match e x i s t s  look ing  in to  th e  s id e  arms. This i s  only t r u e  o f  course  i f  th e  
E and H arms a re  coupled to  matched lo a d s . This was th e  case fo r  th e  second 
magic te e  fo r  th e  H arm, b u t th e  E arm was te rm in a ted  by th e  c r y s ta l  
d e te c to r ,  the  r e f le c t i o n  c o e f f i c ie n t  o f  which was found to  be a fu n c tio n  o f  
th e  power in c id e n t upon i t .  Thus i t  could n o t be matched co n v en ien tly , b u t ,
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s in c e  b a lan c in g  o f  th e  b rid g e  depended upon o b ta in in g  a minimum s ig n a l  
in  th e  E arm, th e  m atching p ro p e r t ie s  o f  th e  d e te c to r  were o f  reduced 
im portance.
The m atching procedure  was as fo llo w s. Matched loads were used to  
te rm in a te  th e  s id e  arms and th e  E arm o f  the  te e .  Power e n te re d  th e  
ju n c tio n  along  th e  H arm v ia  a th re e -s tu b  tu n e r  and a s lo t t e d  l in e  s e c tio n  
which was employed to  in v e s t ig a te  the  s ta n d in g  wave. A djustm ent o f  th e  
s tu b  tu n e r  allow ed th e  v o ltag e  s ta n d in g  wave r a t i o  to  be reduced to  below
1.01 . A s im i la r  p rocedure  was used to  o b ta in  a match look ing  in to  th e  
ju n c tio n  v ia  th e  E arm. S ince m atching o f  th e  E arm r e s u l te d  in  a s l i g h t  
mismatch in  the  H arm, th e  p ro cess  was re p e a te d  as re q u ire d  u n t i l  th e  
V.S.W.R, was le s s  than  1.01 in  b o th  arms. Thus th e  s id e  arms were 
matched a u to m a tic a lly .
The re fe re n c e  arm was co n sid ered  n e x t. S ince th e  s id e  arms were 
matched in d iv id u a l ly ,  any wave in c id e n t on th e  second magic te e  was coupled 
e q u a lly  in to  th e  E and H arms and so i t  was n ece ssa ry  to  te rm in a te  th e  E 
arm w ith  a matched load  r a th e r  than  th e  c r y s ta l  d u ring  th i s  o p e ra t io n .
As p re v io u s ly  s t a t e d ,  th e  re fe re n c e  arm c o n s is te d  o f  a  ro ta ry  vane a t te n u a to r ,  
phase s h i f t e r ,  l e v e l - s e t t in g  a t te n u a to r  and an i s o l a to r .  In  a d d itio n  th e  
waveguide bends in tro d u ced  m ism atches. Using a th re e  s tu b  tu n e r ,  a match 
was o b ta in ed  look ing  tow ards th e  second magic te e  v ia  th e  re fe re n c e  arm 
com ponents, again  red u c in g  th e  V.S.W.R. to  below 1 .0 1 . I t  was found th a t  
th e  amount o f  a t te n u a t io n  and phase changes in tro d u ced  in to  th e  arm d id  
n o t a l t e r  th e  match to  any m easurable degree .
A tte n tio n  was n ex t focussed  onto  th e  an tennae . The t r a n s m it t in g  
an ten n a  was p la ced  in  s e r ie s  w ith  an i s o l a to r ,  waveguide bend and tu n e r ,  
and su p p lie d  w ith  a s ig n a l  v ia  a s lo t t e d  l in e  s e c t io n .  Using the  tu n e r ,
-  108 -
th e  an tenna was matched to  th e  l in e  looking  in to  f re e  sp ace . As l a t e r  
became only  too  obv ious, t h i s  d id  n o t mean th a t  th e  an tenna was matched 
look ing  from f re e  sp ace . S im ila r ly  no m atching o f  th e  re c e iv in g  antenna 
was p o s s ib le .
A ll t h a t  rem ained was to  tune  th e  f i r s t  magic te e  and th i s  was done 
in  e x a c tly  th e  same way as fo r  th e  second magic te e  ju n c tio n . The 
experim ent was re p e a te d  w ith  th e  tuned  c i r c u i t  b u t only  s l i g h t  improvements 
were n o te d . However, hav ing  e lim in a te d  c i r c u i t  r e f l e c t i o n s ,  i t  was 
concluded th a t  th e  s ta n d in g  wave p a t te rn  s t i l l  observed  was due to  i n t e r ­
a c tio n s  between r e f l e c t o r s ,  and between r e f l e c to r  and g ra tin g .
A ttem pts were made to  i s o l a t e  th e  r e f le c to r s  and th e  g ra t in g .  I f  a 
n o n - re f le c t in g  ab so rb en t m a te r ia l  were to  have been p laced  between th e  
r e f l e c t o r s ,  th e  power in c id e n t  on th e  g ra t in g  and g a th e red  by the  re c e iv in g  
antenna would have been reduced . However, any r e f le c te d  power, s in ce  
i t  would have had to  pass  through th e  ab so rb er once more, would have been 
reduced even f u r th e r .  Consequently th e  s ta n d in g  wave r a t i o  would have been 
reduced .
This method was t r i e d  u s in g  two abso rb ing  sh e e ts  p laced  n e a r  e i t h e r  
an ten n a , th e reb y  red u c in g  th e  power coupled in to  th e  l in e  by th e  re c e iv in g  
antenna by th e  o rd e r  o f  30 db. The experim ent was re p e a te d  and t h i s  tirrie 
th e  a t te n u a t io n  in tro d u ced  by th e  g ra tin g  appeared to  vary between 6 db 
and 9 db w h ils t  th e  phase o s c i l l a t e d  between 40° and 80°. This method 
had e v id e n tly  reduced  r e f le c t i o n s  b u t n o t to  a s u f f i c i e n t ly  low le v e l .
F u rth e r  in c re a se s  in  a t te n u a t io n  as in tro d u ced  by th e  ab so rb ers  were 
n o t found to  be p r a c t i c a l  w ith  th e  p re se n t c i r c u i t ,  however, as th e  power 
was reduced to  a le v e l  o f  th e  same o rd e r o f  magnitude as th e  system  n o is e .
A magnetron was used to  r a i s e  the  power d e liv e re d  from th e  100 m ill iw a tts
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o r le s s  o f  th e  k ly s tro n  to  th e  o rd e r  o f  w a tts . - This would have lim ite d  
experim en ta tion  to  th e  narrow er frequency range o f  9 ,0  to  9 .8  GHz. However, 
w ith  th e  equipment a v a i la b le ,  i t  was found th a t  o u tp u t o f  th e  magnetron 
c o n s is te d  o f  a much b ro ad er peak than  th a t  d e liv e re d  by th e  k ly s tro n . The 
co n seq u en tia l lo s s  o f  s e n s i t i v i t y  in  b a lan c in g  th e  b rid g e  made i t  n ecessa ry  
to  d isco n tin u e  th i s  approach.
6 ,6 ’ I n te r p r e ta t io n  o f  Measurements
Since th e  s tan d in g  wave problem  was n o t so lv ed  by p r a c t i c a l  m ethods, 
i t  was n ecessary  to  in t e r p r e t  th e  read in g s  taken  to  g ive m eaningful r e s u l t s . 
I t  had been assumed th a t  th e  s ta n d in g  waves g enera ted  were due to  r e f le c t io n s  
from antennae and g ra tin g . This was supported  by f u r th e r  experim ents in  
which th e  f i e l d  between th e  antennae was in v e s t ig a te d  w ith  a d ip o le  p robe. 
F ig . 6 .11  g ives th e  f i e l d  fo r  th e  case o f  a p a ra b o lic  r e f l e c to r  look ing  
in to  an o th er p a ra b o lic  r e f l e c t o r ,  p laced  110 cms away. Both th e  case o f 
p lan e  o f  p o la r i s a t io n  o f  th e  re c e iv e r  p a r a l l e l  and p e rp e n d ic u la r  to  th a t  
o f  th e  t r a n s m it te r  a re  g iv e n , th e  l a t t e r  p re s e n tin g  th e  g re a te r  mismatch and 
t h i s  be ing  s u b s ta n t ia te d  by th e  la rg e  s tan d in g  wave r a t i o  observed .
S im ila r  r e s u l t s  were o b ta in ed  u sing  a pyram idal horn as th e  r e c e iv e r ,  
b u t th e  s ta n d in g  wave r a t i o  was co n sid e rab ly  reduced fo r  bo th  p lan es  o f 
p o la r i s a t io n  (se e  f i g .  6 .1 2 ). The h o rn , in  sam pling a sm a lle r  f i e l d ,  
p re se n te d  a sm a lle r  mismatch and th u s  was used as th e  re c e iv in g  antenna in  
l a t e r  experim en ts. There was th e  danger o f  course t h a t  in  sam pling a sm a lle r  
f i e l d ,  a f a i r  r e p re s e n ta t io n  o f  th e  f i e l d  may n o t have been sam pled. Such 
v a r ia t io n s  o f  th e  p lane  o f  th e  tra n s m itte d  f i e ld  were n o t considered  
s ig n i f i c a n t  w ith  th e  dim ensions o f tr a n s m itt in g  an tenna and g ra tin g s  used .
R ed h effe r‘3 ^ 33^ , in  h is  work on microwave antennae and d i e l e c t r i c  
s h e e ts ,  experienced  s im i la r  e f f e c t s .  He began by sim ply su g g es tin g  th a t  
th e  an tenna i t s e l f  had an e q u iv a le n t r e f le c t io n  c o e f f ic ie n t  as th e  a u th o r
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had found above. As he p o in te d  o u t,  f re e  space, p e rm its  h ig h e r  o rd e r  mode 
p ro p ag a tio n  w h ils t  th e  l in e  e q u iv a le n t allow s th e  p ro p ag a tio n  o f  th e  
fundam ental mode o n ly . Assuming th a t  i t  was only  n ece ssa ry  to  co n s id e r  th e  
fundam ental f re e -sp a c e  l in e  mode, as th e  au th o r had done in  h is  m a trix  
re p re s e n ta t io n  o f  the  m u ltip le  g r id  c o n f ig u ra tio n , th e  r e f le c t io n  and t r a n s ­
m ission  c o e f f ic ie n ts  r ,  p , t  and x (see  fig* 6 .13 ) can be in tro d u c e d . Thus 
th e  f i e l d  between an antenna and a g ra tin g  sa y , norm ally  re so lv e d  in to  an 
i n f i n i t e  s e t  o f  p lan e  waves in c li i ie d  a t  v a rio u s  ang les  to  th e  an tenna a x i s ,  ' 
was reduced to  two waves o n ly , one t r a v e l l i n g  tow ards th e  an tenna and th e  
o th e r  away from the  an tenna . The s ta n d in g  wave p e r io d ic i ty  o f h a l f  th e  
dominant mode w avelength den ied  th e  predominance o f  any o th e r  mode. R edheffer 
quoted th e  fo llo w in g  ex p re ss io n  fo r  powers.
P = Pq T2 [1 -  2pR cos (i+ird/A) + p^ 2 ] - 1
where d i s  th e  d is ta n c e  between an tenna and d i e l e c t r i c  sh e e t (o r  g ra tin g  
in  th i s  c a s e ) ,  R and T a re  re s p e c t iv e ly  th e  r e f le c t i o n  and tran sm iss io n  
c o e f f ic ie n ts  o f  th e  sh e e t ( g r a t i n g ) ,  and P , Pq a re  th e  rece iv ed  powers w ith  
and w ith o u t th e  d i e l e c t r i c  sh e e t ( g r a t in g ) .  I t  shou ld  be n o ted  th a t  th e  
r e c ip r o c i ty  theorem  i s  n o t assumed in  th e  case o f  th e  an tenna and t .a n d  t  
cannot be taken  as e q u a l. The c o e f f ic ie n t  p i s  even more d i f f i c u l t  to  
j u s t i f y  as th e  r e r a d ia t io n  o f  th e  an tenna was c e r ta in ly  n o t confined  to  
a p lane  wave t r a v e l l i n g  a long  th e  a x is .  R edheffer found th a t  th e  p re d ic te d  
r e s u l t s  agreed  w ith  experim ent whenever the  sh e e t had a m oderate r e f le c t i o n  
c o e f f i c ie n t ,  b u t d isagreem ent a ro se  when the  r e f le c t i o n  c o e f f ic ie n t  neared  
u n ity . This was encourag ing  fo r  th e  case o f  th e  g ra tin g s  w ith  th e  dim ensions 
used.
I t  can be seen from th e  e x p re ss io n  fo r  r e l a t iv e  powers given above 
th a t  th e  re c e iv e d  power would vary  p e r io d ic a l ly  w ith  p e r io d  A/2 and would
-  .115 -
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Fig 6-13 Simplified equivalent circuit of antenna  
and dielectric sheet or grating
be n e a r ly  s in u s o id a l  f o r  pR sm all.
P a Po T2 [1 + 2pR cos ( M-md/A) ]
R edheffer co n sid ered  th e  problem  in  g re a t  d e t a i l  and was convinced o f  th e  
v a l id i t y  o f  h is  i n i t i a l  assum ptions. He quoted th a t  th e  tran sm iss io n  
c o e f f ic ie n t  T i s  g iven by th e  harmonic mean o f  maximum (M) and minimum (m) 
re c e iv e d  am p litudes.
T _ 2 Mm
M + m
S ev era l o f  R ed h e ffe rvs experim ents were re p e a te d  w ith  th e  antennae 
and g ra tin g s  under c o n s id e ra tio n , and agreem ent w ith  h is  r e s u l t s  was found. 
I t  was th e re fo re  decided  to  adopt h is  ex p ress io n s to  g ra tin g  m easurem ents, 
subsequent j u s t i f i c a t i o n  b e in g  p rov ided  by th e  agreem ent found between 
th e o r e t ic a l  p re d ic t io n s  and ex p erim en ta l v a lu es .
R edheffer p o in te d  ou t t h a t  th e  geom etric mean was u su a lly  s u f f i c i e n t ly  
c lo se  to  th e  harmonic mean to  be used in  most a p p l ic a t io n s ,  s in c e  th e  
theo ry  would have been o f  d o u b tfu l r e l i a b i l i t y  i f  th e  r a t i o  o f  maximum 
to  minimum had been so la rg e  to  have made th i s  n o t so . This would have been 
advantageous s in c e  i t  would have made i t  s u f f i c i e n t  to  tak e  two measurements 
w ith  a q u a r te r  w avelength d isp lacem en t o f the  g ra tin g s  r a th e r  than  th e  
s e v e ra l  read in g s  n ece ssa ry  to  o b ta in  the  a c tu a l  maximum and minimum s ig n a ls .  
However i t  was f e l t  t h a t  t h i s  q u a r te r  w avelength d isp lacem en t could  n o t be 
achieved  w ith  s u f f i c i e n t  accuracy  and th e re fo re  a s e r ie s  o f  read in g s  had 
to  be taken  fo r  each value o f th e  tran sm iss io n  c o e f f ic ie n t  o b ta in e d .
I
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CHAPTER VII
THE SINGLE GRATING : EXPERIMENTAL
7 .1 , In tro d u c tio n
The ex p erim en ta l method was d iscu ssed  in  C hapter VI and th e  c i r c u i t  
components were ana ly sed  in  s u f f i c i e n t  depth to  ensure th a t  any read in g s  
taken  could  be in te r p r e te d  w ith  a co n sid e rab le  degree o f  co n fid en ce .
I n i t i a l  measurements on a s in g le  g ra tin g  a t  normal in c id en ce  gave very 
good agreem ent w ith  th e o ry . At d is ta n c e s  o f  30 cms9 60 cms and 90 cms 
from th e  tr a n s m itt in g  an ten n a , r e g u la r  read in g s  were taken  w ith  th e  g ra t in g  
p o s i t io n  v a r ie d  over a  2A ran g e . The t ra n s m itt in g  an tenna was a p a ra b o lic  
r e f l e c t o r  w ith  a d ip o le  feed  w h ils t  th e  re c e iv in g  an ten n a , p laced  a t  a - 
d is ta n c e  o f  110 cms from th e  t r a n s m i t t e r ,  was a pyram idal horn S l ig h t  
v a r ia t io n s  in  the  r a t i o  o f  maximum and minimum re c e iv e d  s ig n a ls  occurred  
in  th e  p lo ts  o b ta in e d , b u t th e  harm onic mean ( i . e .  tran sm iss io n  c o e f f ic ie n t )  
was c o n s is te n t .  This was re p e a te d  w ith  th e  re c e iv in g  antenna a t  bo th  
70 cms and 150 cms d is ta n t  b u t again  th e re  was c o n s is te n c y . T herefore  
f u r th e r  measurements were taken  w ith  th e  g ra tin g  p la c e d  a t  a d is ta n c e  o f  
approxim ately  60 cms from the  tr a n s m itt in g  d ip o le , and th e  re c e iv in g  horn 
110 cm d is ta n t .
7 .2 . Normal Incidence
I n i t i a l  measurements u sin g  a s ig n a l  in c id e n t norm ally  on a s in g le  
g ra tin g  gave very good agreem ent w ith  th e o r e t ic a l ly  p re d ic te d  v a lu e s . The 
g ra tin g  was ro ta te d  about i t s  a x is  so th a t  th e  w ires o f  the  g ra tin g  were 
a t  an angle o f  45° w ith  r e s p e c t  to  th e  p lane o f  p o la r i s a t io n  o f  th e  t r a n s ­
m i t te r .  The tran sm iss io n  c o e f f i c ie n t  am plitude was found to  be 0 .62 ( i . e .  
0 .62 o f  th e  in c id e n t  am plitude) and the  phase advance 17°, bo th  o f  which
-  118 -
were in  e x c e lle n t  agreem ent w ith  th e o ry . The p lane o f  p o la r i s a t io n  o f  
th e  r e c e iv e r  was then  ro ta te d  through 90°, using  a 90° waveguide tw i s t ,  
so  th a t  i t s  p lane o f  p o la r i s a t io n  was p e rp e n d ic u la r  to  th a t  o f  th e  t r a n s ­
m i t te r .  The tra n s m itte d  am plitude dropped to  0.45 and th e  phase change 
154°, again  in  com plete agreem ent w ith  th e o ry . This was encouraging  s in c e  
measurements w ith  th e  r e c e iv e r  p lan e  o f  p o la r i s a t io n  bo th  a t  ang les o f  0° 
and 90° to  the  t r a n s m it te r  p lan e  o f  p o la r i s a t io n  were re q u ire d  to  compare 
w ith  th e o r e t ic a l  p re d ic t io n s .  With no g ra tin g  in te rp o s e d , no s ig n a l  was 
d e te c te d  in  the  l a t t e r '  case and hence th e re  was no way o f  b a lan c in g  th e  
b r id g e . Thus i t  had been hoped t h a t  r o ta t io n  o f th e  r e c e iv e r  through 90° 
would r e s u l t  only  in  th e  in tro d u c tio n  o f  a 180° phase s h i f t  due to  th e  
waveguide tw is t  and n o t u p se t b a lan ce  co n d itio n s  in  any o th e r  way. This 
measurement in d ic a te d  th a t  a ba lan ce  s t i l l  e x is te d .
R eturn ing  to  th e  case o f  th e  w ires  p a r a l l e l  to  th e  norm ally  in c id e n t 
p o la r is e d  r a d ia t io n ,  read in g s  were taken  a t  v a rio u s  freq u en c ie s  and th e  
r e s u l t s  a re  given in  f ig .  7 .1  fo r  l / 8 n w ire spacings and in  f ig .  7.2 fo r  
1/4*' w ire sp ac in g s . For th e  g ra t in g  w ith  th e  sm a lle r  w ire spacings th e  ' 
agreem ent w ith  th eo ry  was good. There was a tendency fo r  th e  e r r o r  to  
become com paratively  la rg e  a t  e i th e r  extreme o f  th e  frequency range b u t 
t h i s  was a t t r ib u t e d  to  th e  f a c t  t h a t  a t  those  freq u en c ie s  th e  power 
em itted  by th e  k ly s tro n  was somewhat reduced . S ince th e  ou tp u t c o n s is te d  
o f  n o t one s in g le  frequency  b u t o f  a dominant peak w ith  a spectrum  o f  
minor p eak s , th i s  n o ise  took on a more prom inent r o le .  The g ra t in g  w ith  
th e  1 /4" w ire  spac ings d id  n o t g ive q u ite  as good an agreem ent w ith  th e o ry , 
p a r t i c u la r ly  a t  th e  h ig h e r  f re q u e n c ie s , b u t the  e r r o r  in  th e  tra n sm iss io n  
am plitude n ev er exceeded 4%.
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Having found good agreem ent fo r  norm ally in c id e n t  p lane waves, th e
\
n ex t s te p  was to  co n s id e r  o b liq u e  in c id e n c e . This was done i n i t i a l l y  
fo r  v a r ia t io n s  o f  angle o f  in c id en ce  in  th e  p lane o f  0 (se e  f ig .  6 .1 ) to  
be compared w ith  th e o r e t ic a l  c a lc u la t io n s  as o b ta in ed  in  ch ap te r  V. The 
ax is  o f  each an tenna and th e  w ires  o f  th e  g ra tin g  were s e t  v e r t i c a l ly  and 
th e  p lan e  o f  th e  g ra tin g  r o ta te d  about a v e r t i c a l  a x is .  In th i s  way, th e  
tran sm iss io n  c h a r a c te r i s t i c s  o f  th e  g ra t in g ,  when il lu m in a te d  by a p lane  
wave p o la r is e d  w ith  i t s  e l e c t r i c  v e c to r  p a r a l l e l  to  th e  w ire s , were found 
fo r  an g les  o f  in c id en ce  ( in  th e  0 p lan e ) co v erin g  th e  range o f  0° to  45°. 
R esu lts  f o r  bo th  va lu es  o f  w ire spac ings ai'e given in  f ig .  7 .3 . Agreement 
w ith  th eo ry  was found a lthough  once again  agreem ent was c lo s e r  in  the  
case o f  th e  g ra t in g  w ith  th e  narrow er w ire  sp a c in g s ,
The experim ent was re p e a te d , b u t w ith  th e  e l e c t r i c  v e c to r  perpen ­
d ic u la r  to  th e  w ires  o f  th e  g r a t in g .  This was ach ieved  w ith  th e  w ires  o f  
th e  g ra tin g  v e r t i c a l  a g a in , b u t w ith  th e  antennae ro ta te d  through 90° 
using  waveguide tw is ts  so th a t  th e  p la n es  o f  p o la r i s a t io n  were then  in  
th e  h o r iz o n ta l  d i r e c t io n .  S ince th e  tran sm issio n  was alm ost u n ity  fo r  
t h i s  c o n f ig u ra tio n , any v a r ia t io n s  w ith  0 were u n d e te c ta b le .
In  connection  w ith  th e se  m easurem ents, a t te n t io n  i s  drawn to  th e  
re s p e c tiv e  tra n sm iss io n  am plitude and phase v a r ia t io n s  as a fu n c tio n  o f  
g r id  p o s it io n  between th e  an tennae (se e  f ig s . 7 .4  and 7 .5 ) .  I t  can be 
seen  th a t  th e  r a t i o  o f  maximum and minimum tra n sm iss io n  am plitude (and 
phase) decreased  s ig n i f i c a n t ly  as th e  angle o f  in c id en ce  was in c re a se d .
In  f a c t  fo r  ang les o f  th e  o rd e r  o f  30° o r more, th e  tran sm iss io n  p ro p e r t ie s  
were alm ost c o n s ta n t and independent o f g ra tin g  p o s i t io n .  This was in  
keep ing  w ith  e x p e c ta tio n s  s in c e ,  as th e  angle was in c re a se d , th e  r e f le c te d  
power was in c re a s in g ly  l o s t  from th e  in te r -a n te n n a  zone, th e reb y  red u c in g , 
the  s ta n d in g  wave r a t i o .
7 . 3 .  Oblique In cid en ce : 6 V aria tion s
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AMPLITUDE (as a percentage of iru iden t amplitude)
ANGLE OF INCIDENCE (degrees)
Fig 7-3 T ra n s m is s io n  amplitude as a function 
of angle of incidence ©
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7 .4 . Oblique Incidence : tj> V a r ia tio n s
This case has n o t been t r e a te d  e x p l i c i t ly  in  th e  l i t e r a t u r e  a lthough  
th e  cosine  dependency f o r  6 v a r ia t io n s  may be expected  to  apply to  A 
v a r ia t io n s  (see  W ait ) . The experim en ta l in v e s t ig a t io n  was made 
p o s s ib le  by ro ta t in g  the  g ra t in g  so th a t  i t s  w ires were h o r iz o n ta l ,  th e  
p lane o f  p o la r i s a t io n  o f th e  antennae a lso  being  h o r iz o n ta l .  By ro ta t io n ,  
o f th e  g ra t in g  about a v e r t i c a l  a x is  a g a in , v a r ia t io n s  o f th e  value  o f <j> 
were o b ta in ed . The va lu es  o f tran sm iss io n  am plitude th e reb y  o b ta in ed  
showed some evidence o f a cosine  dependency (se e  f i g .  7 .6 ) .  However fo r  
la rg e r  ang les o f  in c id en ce  th e  am plitude d id  n o t f a l l  as r a p id ly  as . 
p re d ic te d  and a t  45° a co n s id e ra b le  r i s e  was observed . Measurements a t  
ang les o f  50° and 55° confirm ed th i s  tre n d . This was a t  l e a s t  p a r t ly  , 
a t t r ib u t a b le  to  th e  s ig n if ic a n c e  o f  d i f f r a c t io n  e f f e c t s  a t  la rg e r  angles, 
o f  in c id e n c e . In  g e n e ra l th e n , th e  <J> dependency appeared to  be o f a 
cosine n a tu re  b u t r e s u l t s  were by no means c o n c lu s iv e .
-  126 -
AMPUTUDE(as a percentage of incident amplitude)
Fig 7-6 Transmission amplitu 
of angle of incidence
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ANGLE OF INCIDENCE (degrees)
as a function
CHAPTER VIII
THE MULTIPLE GRATING CONFIGURATION j EXPERIMENTAL
8 .1 . In tro d u c tio n
Having found c lo se  agreem ent between th e o r e t ic a l  p re d ic t io n s  and 
ex p erim en ta l r e s u l t s  fo r  th e  case o f  a s in g le  g r a t in g ,  a t te n t io n  was 
focussed  on th e  more complex m u ltip le  g r id  assem bly. In  m athem atical 
te rm s , th e  m a tr ix  r e p re s e n ta t io n  o f  the  s in g le  g r id  having been shown . 
to  be v a l id ,  th e  v a l id i t y  o f  re p re s e n t in g  a number o f  g ra tin g s  by a 
m a trix  cascade was to  be in v e s t ig a te d .  In  p a r t i c u l a r ,  th e  behav iou r 
when th e  in te r g r id  spacing  was sm a ll was to  be observed .
A p r a c t i c a l  d i f f i c u l t y  a ro se  du ring  th e  course o f  measurements.
Since th e  g ra tin g  frame h e ld  only  th e  o u te r  rim s o f  th e  g r a t in g s ,  th e re  
was a tendency fo r  the  c e n t r a l  un co n stra in ed  p o r tio n  o f  th e  g ra t in g s  to  
bow outwards* This had th e  e f f e c t  o f  making th e  g ra tin g s  n o n -p lan a r 
and, o f  more im portance , th e  in t e r g r id  spacing  was n o ‘lo n g e r known w ith  
a s u f f i c i e n t  degree o f  accu racy . In f a c t  on re p e a tin g  some experim ents 
s e v e ra l  t im e s , an u naccep tab le  f lu c tu a t io n  o f  read in g s  was e x p e rie n c e d .
This was overcome w ith  a f a i r  degree o f  success  by l in in g  the  
in n e r  faces  o f  th e  g ra t in g  frame w ith  r ig i d  1” p o ly s ty re n e  s h e e ts .  In  
a d d itio n  th e  w e ll c re a te d  by th e  removal o f  th e  c e n t r a l  p a r t  o f  th e  plywood 
was f i l l e d  w ith  p o ly s ty re n e . The g ra tin g s  were p re se n te d , th e re f o r e ,  
w ith  a p lane  face  by the  frame and were c o n s tra in e d  f a i r l y  un ifo rm ly  over 
th e  e n t i r e  su rfa c e  as a  r e s u l t .  The only  e f f e c t  o f  th e  p o ly s ty re n e  from 
an e lec tro m ag n e tic  p o in t  o f  view was to  in tro d u ce  a phase r e ta r d a t io n  o f 
a few d eg rees. However, s in c e  i n i t i a l  b a lan c in g  o f  th e  b rid g e  was acliievec
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w ith  th e  frame in s e r te d  between th e  an tennae , th e  e f f e c t  o f  th e  p o ly ­
s ty re n e  was compensated fo r  a u to m a tic a lly .
With th e  se t-u p  used , th e re  s t i l l  rem ained some doubt as to  the  
ex ac t value o f  th e  in t e r g r id  sp ac in g . Even w ith  th e  measures as 
d esc rib ed  above, some bowing o f  th e  g ra tin g s  and p o ly s ty re n e  sp ace rs  
was unavo idab le . In a d d itio n  th e  co n sis ten cy  o f  th e  th ic k n e ss  o f  the  
r o l l e d  p o ly s ty re n e  sh e e ts  could  n o t be gu aran teed . As a r e s u l t ,  
experim ents in v o lv in g  s e v e ra l  g ra tin g s  were c a r r ie d  ou t w ith  th e  wing- 
n u ts  ho ld in g  the  frame tig h te n e d  as much as p o s s ib le ,  a lthough  n o t to  
the  e x te n t  t h a t  th e  expanded p o ly s ty re n e  was com pressed. Each read in g  
was fo llow ed by one o r  more read in g s  w ith  id e n t ic a l  c o n d itio n s  excep t 
t h a t  the  w ing-nu ts were loosened  s l i g h t ly .  This was done to  gain  an 
id e a  o f  how ra p id ly  th e  p ro p e r t ie s  o f  the  g ra tin g s  were changing a s  a /
fu n c tio n  o f  in t e r g r id  sp ac in g  and in  what way. I t  was considered
n ecessa ry  bo th  from a th e o r e t i c a l  v iew po in t, th e o ry  having  p re d ic te d  
r a p id  changes o f  a t te n u a t io n  and phase o f th e  s t r u c tu r e  w ith  sm all 
changes o f  in t e r g r id  sp ac in g  a t  c e r ta in  values ( t h i s  was p a r t i c u la r ly  
t ru e  w ith  f iv e  g r a t in g s ) ,  and fx-’om an experim en ta l v iew p o in t, due to  th e
u n c e r ta in ty  o f  in t e r g r id  spac ings and th e  d is c r e te  n a tu re  o f  spac in g
values o b ta in ed  u s in g  th e  p o ly s ty re n e  sp a c e rs . Thus in  reg io n s  o f  ra p id  
change where i t  was im possib le  to  fo llow  a l l  the  th e o r e t ic a l  con tours 
e x p e r im e n ta lly , th e  above techn ique  d id  a t  l e a s t  g ive some in d ic a tio n  
o f  th e  d ir e c t io n  o f  change o f  am plitude o r  phase and th e  r a te  o f  such 
change. This was re p re se n te d  in  p lo t s  o f  r e s u l t s  by an arrow p o in tin g  
in  th e  d ir e c t io n  o f  change i . e .  an in c re a se  o r  d e c re a se , and o f  a len g th  
which denoted th e  l im i t s  o f  change ach ieved . The arrow d ir e c t io n  was, 
o f  co u rse , fo r  a s l i g h t  in c re a se  in  in te r g r id  sp ac in g .
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C onsider f i r s t l y  th e  case o f  two g ra tin g s  u sing  a source s ig n a l  
o f 9 .4  GHz (A = 3.2 cm) and th e  1 /8" w ire  spaced g r id .  The in c id e n t 
r a d ia t io n  was v e r t i c a l l y  p o la r is e d  and th e  g ra tin g s  norm al to  the  
d ir e c t io n  o f p ro p a g a tio n , b u t w ith  th e  w ires in c lin e d  a t  45° and 90° 
re s p e c t iv e ly  ( in  o rd e r from th e  source) to  the  p lane  o f  p o la r i s a t io n .
!
The re c e iv in g  antenna was ang led  to  re c e iv e  v e r t i c a l ly  p o la r is e d  r a d ia t io n .  
The in te r g r id  spac ing  was v a r ie d  from A/16 to  5A/2 and values o f 
a t te n u a t io n  and phase change in tro d u ced  by th e  assembly measured.
R esu lts  a re  g iven in  f i g .  8 .1 , where th e  x~axis has been taken  as the  
v e r t i c a l  d i r e c t io n ,  and th e  y -a x is  as be ing  h o r iz o n ta l .
I t  can be seen th a t  th e  maximum and minimum values o b ta in ed  
d if f e r e d  by any th ing  up to  8% from th e o r e t ic a l  p re d ic t io n s  b u t th a t  th e  
g e n e ra l shapes o f  th e  curves were very  s im i la r .  There was a tendency , 
however, fo r  expected  ex p erim en ta l values to  be o b ta in ed  a t  s l i g h t ly  
lower va lues o f  in t e r g r id  sp a c in g s . This was c le a r ly  shown by the  
p o s it io n s  o f  minimum tra n sm iss io n  am plitudes and maximum phase changes.
The f i r s t  am plitude minimum o ccu rred  a t  approxim ately  138° (where 360° 
re p re s e n ts  a g r id  sp ac in g  o f  A), some 7° lower th an  th e o r e t ic a l ly  
p re d ic te d . Subsequent minima occurred  a t  values which were in  e r r o r  o f  
th e  expected  p o s it io n s  approx im ately  by su ccess iv e  m u ltip le s  o f  th i s  
i n i t i a l  e r r o r  i . e .  14°, 20 ° , 25° and 30°.
The e r r o r  may have been due to  th e  approxim ations made in  th e  
m a trix  th e o ry . I f  t h i s  had been th e  cause , i t  was env isaged  th a t  an 
e m p ir ic a l ex p re ss io n  in  th e  form o f  a m odified  m a trix  cou ld  have been 
formed to  tak e  account o f  th e  approxim ations made. I t  would have 
re q u ire d  a co n s id e ra b le  amount o f  experim en ta tio n  to  o b ta in  a v a l id  
ex p ress io n  and i t  would have been n ecessa ry  to  e lim in a te  o th e r  sources
8 .2 . Double G ratings
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o f  e r r o r .  These in c lu d e  any e r r o r  in tro d u ced  by th e  r e f r a c t iv e  index  
o f  th e  g la ss  f ib r e  and , o f  more im portance , the  e r r o r  in tro d u ced  in  
c a lc u la t in g  th e  p re c is e  value o f  th e  g ra tin g  sp ac in g . I t  would have 
re q u ire d  the  c o n s tru c tio n  oJP a more r i g i d  system , on th e  l in e s  o f  w ires  
wound on r i g i d  fram es as d e sc rib e d  p re v io u s ly , and, a lthough  le s s  expe­
r im e n ta l ly  f l e x i b l e ,  would p robab ly  have allow ed a more acc u ra te  
d e te rm in a tio n  o f  in t e r g r id  sp ac in g .
An im p o rtan t f e a tu re  o f  th e  graphs was th e  ap p aren t co n sis ten cy  
over the  range o f  th e  ex p erim en ta l re a d in g s . The shape o f  th e  curve 
was very  s im i la r  over th e  e n t i r e  ra n g e , values fo r  c lo s e ly  spaced g ra tin g s  - 
agreed  w ith  those  fo r  wide sp ac in g . This was very  encouraging  as i t  
added v a l id i ty  to  the  approxim ation o f  c o n s id e rin g  only dominant mode 
p ro pagation  between g ra tin g s  and supported  th e  view th a t  spac ing  e r r o r s  
r a th e r  than  the  th e o r e t i c a l  s im p l if ic a t io n s  were re sp o n s ib le  fo r  th e  
d isc rep an cy . The e r r o r ,  a f t e r  a l l ,  was o f  th e  o rd e r o f  3,5% o r le s s  
than  3 mm in  GO mm, and c e r ta in ly  w e ll w ith in  th e  accuracy  l im i ts  p u t on 
th e  in t e r g r id  sp ac in g . In  a d d i t io n ,  the  bow ing-apart e f f e c t  a lre a d y  
d iscu ssed  would have r e s u l te d  in  a d isp lacem ent o f  exp erim en ta l p lo t s  
r e l a t iv e  to  th eo ry  in  th e  d ir e c t io n  observed .
F u rth e r  su p p o rt was g iven to  th e  m a trix  cascade r e p re s e n ta tio n  when 
th e  experim ent was re p e a te d  w ith  th e  re c e iv in g  an tenna ro ta te d  to  re c e iv e  
h o r iz o n ta l  p o la r i s a t io n .  The r e s u l t s  were p lo t te d  (se e  f ig .  8 .2 ) and 
showed good agreem ent between th e o r e t ic a l  and e m p ir ic a l v a lu e s . I t  was 
f e l t  to  be s u f f i c i e n t ,  in  view o f  th e  good c o r r e la t io n ,  to  take  read in g s  
over a range o f  spac in g s  A/16 to  3A/4.
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To summarises read in g s  had been taken over a wide range o f 
in te r g r id  sp a c in g s , bo th  in  r e la t io n  to  tra n sm iss io n s  in  the  x o r  
v e r t i c a l  d ir e c t io n  and to  tran sm iss io n s  in  th e  y o r  h o r iz o n ta l  d i r e c t io n .  
Agreement between th e o r e t ic a l ly  p re d ic te d  values and experim en ta l ' 
r e s u l t s  were good. There was s tro n g  evidence th a t  what d if fe re n c e s  
th e re  were could  have been due to  in a c c u ra c ie s  in  determ in ing  the  
in t e r g r id  sp ac in g s . F u rth e r  co n firm atio n  o f  th e  m a trix  r e p re s e n ta t io n  
was sought th e re fo re  w ith  a l te r n a t iv e  c o n f ig u ra tio n s .
8 .3 . The F iv e -g ra tin g  Assembly
Having found good agreem ent between th e o ry  and experim ent fo r  th e  
tw o-g rid  system 3 th e  n ex t s te p  was to  co n s id e r a more complex s t r u c tu re  
in  th e  form o f  a  cascade o f  f iv e  g ra t in g s .  I n i t i a l  measurements were 
taken  u sing  g ra tin g s  in c lin e d  a t  a n g le s , in  o rd e r  from th e  ra d ia t io n  
so u rc e , o f  45°, 5 6 .2 5 °, 6 7 .5 ° , 78,75° and 90° r e s p e c t iv e ly  to  the  
v e r t i c a l .  Work was c a r r ie d  o u t a t  a frequency o f  9 .4  GHz and over an 
in te r g r id  spac in g  range o f  A/16 to  9A/16. This upper l im i t  was imposed 
by th e  ap p ara tu s  a v a i la b le .  However, s in ce  th e  tw o -g rid  case gave good 
agreem ent i t  was n o t consid ered  n ecessa ry  to  ta k e  read in g s over a 
s im i la r  wide range .
In  o rd e r to  t e s t  th e  th e o r e t ic a l  p re d ic t io n s  th o ro u g h ly , fo u r 
s e ts  o f  read in g s  were o b ta in e d . In  the  f i r s t  two the  source was p o la r is e d  
in  a  v e r t i c a l  (x ) d ir e c t io n  and th e  experim ent re p e a te d  fo r  bo th  v e r t i c a l  
(x ) and h o r iz o n ta l  (y ) p o la r i s a t io n s  o f  th e  r e c e iv e r  a x is .  T ransm itted  
am plitudes and phases were p lo t te d  and a re  given in  f ig s .  8 .3  and 8 ,4 .
For s im ila r  c o n f ig u ra tio n s  o f  th e  re c e iv in g  h o rn , the  experim ent was 
rep e a te d  w ith  th e  source h o r iz o n ta l ly  (y) p o la r is e d .  R esu lts  were again  
p lo t te d  and a re  given in  f i g s .  8.5 and 8 .6 . Once again  theo ry  and
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experim ent were in  c lo se  agreement although  in  reg io n s  o f  very ra p id  
change i t  was im possib le  to  fo llow  a l l  the  p re d ic te d  co n to u rs . Using 
the techn ique d esc rib e d  in  s e c tio n  8 .1  th e se  reg io n s  were p a r t ly  covered.
The above f iv e  g ra tin g  ejqperiments were perform ed using  th e  
c o n fig u ra tio n  which would be o f  p r a c t i c a l  use in  g a th e r in g  as much*as 
p o s s ib le  o f  bo th  h o r iz o n ta l  and v e r t i c a l  components o f  any in c id e n t 
r a d ia t io n  and r o ta t in g  th e se  components to  a given f ix e d  p o la r i s a t io n  
which could then  be sampled by a h o rn . For exam ple, i f  th e  g r a t in g s ,  
in s te a d  o f  b e in g  p la n a r ,  formed a s e t  o f  c o a x ia l c y l in d e rs ,  then  an 
enc lo sed  b ic o n ic a l  horn could  be used to  sample r a d ia t io n  p ro p ag a tin g  
from a source w ith  th e  u su a l p o la r i s a t io n  l im i ta t io n s .
Another use o f  th e  g ra tin g s  i s  as a r o ta to r  o f  th e  p lane  o f  
p o la r i s a t io n  o f  a l in e a r ly  p o la r is e d  in p u t and so i t  was decided  to  
determ ine the  percen tag e  o f  any in c id e n t p o la r i s a t io n  th a t  could be 
r o ta te d  through say 90°. This was to  a c t as f u r th e r  con firm ation  o r 
o therw ise  o f  th e  th eo ry  and i t s  a s so c ia te d  approx im ations. Thus th e  case 
in  which th e  in c id e n t f i e l d  was p o la r is e d  in  a d ir e c t io n  p e rp e n d ic u la r  
to  the  f i r s t  g ra t in g  was co n sid e red . The subsequent g ra tin g s  in  the  
a rra y  were p ro g re s s iv e ly  ang led  so th a t  th e  f in a l  g ra t in g  was p a r a l l e l  
to  th e  in c id e n t p o la r i s a t io n  i . e .  ach iev in g  a r o ta t io n  o f  o r ie n ta t io n  
o f  g r id  w ires o f  90°.
The experim ent was perform ed in  the  u su a l way and th e  r e s u l t s  were 
p lo t te d  (se e  f ig .  8 .7 ) ,  I t  can be seen t h a t ,  over a wide range o f  g r id  
sp a c in g s , a h igh  percen tag e  o f  the  in c id e n t r a d ia t io n  had had i t s  p lane  
o f  p o la r i s a t io n  ro ta te d  th rough th e  re q u ire d  90°. This can be i n t e r -  
p re te d  as a r o ta t io n  over a f a i r l y  wide range o f  f re q u e n c ie s , u sing  
a f ix e d  in t e r g r id  spac in g  and n e g le c tin g  th e  v a r ia t io n  o f  tran sm iss io n  
p ro p e r t ie s  o f  a g ra tin g  over th i s  frequency range .
I
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The graph a ls o  shows a  sharp  trough  which in d ic a te s  a re so n a n t ' 
co n d itio n  such t h a t ,  a t  t h i s  in t e r g r id  sp ac in g , most o f  th e  power was 
r e f le c te d .  S im ila r ly ,  v a ry in g  th e  frequency r a th e r  than  the  sp ac in g  
would give th e  same re so n an t c o n d itio n  and t h i s  has a p p l ic a t io n s  in  
s e le c t in g  a  s in g le  frequency  from a b road  spectrum  o f  r a d ia t io n .
I
8 .4 . Five G ratings : Non-normal Incidence
i
I t  was in s t r u c t iv e  to  in v e s t ig a te  ex p e rim en ta lly  th e  e f f e c t  o f  
i l lu m in a tin g  the  g ra t in g s  w ith  non-norm al r a d ia t io n .  This was done fo r  
th e  f iv e - g r a t in g  assem bly , th e  w ires  o f  su ccess iv e  g ra tin g s  b e in g  in c l in e d  
a t  ang les  o f  45°, 5 6 .2 5 °, 6 7 .5 ° , 78.75° and 90° to  th e  v e r t ic a l*  The 
in p u t r a d ia t io n  was v e r t i c a l l y  p o la r is e d , and th e  r e c e iv e r  o r ie n ta te d  to  
d e te c t  v e r t i c a l l y  p o la r is e d  waves. The experim ent was re p e a te d  s e v e ra l  
tim e s , each tim e in c re a s in g  th e  angle o f  in c id en ce  by 5° up to  a maximum 
ang le  o f  30°. R e su lts  f o r  te n  degree s te p s  a re  g iven  in  f ig .  8 .8 . The 
va lu es  o f  g r id  s e p a ra tio n  were c o rre c te d  s in c e  th e  e f f e c t iv e  s e p a ra t io n  
was th e  p e rp e n d ic u la r  s e p a ra t io n  m u lt ip l ie d  by th e  r e c ip ro c a l  o f  th e  
cosine  o f  th e  ang le  o f  in c id e n c e .
I t  can be seen  from th e  r e s u l t s  th a t  th e  shape o f  th e  curve d id  
n o t a l t e r  over th e  range o f  ang les  o f  in c id e n c e . As ex p ec ted , th e  f i e l d  
in te n s i ty  o f  the  tra n s m itte d  x-component f e l l  as th e  ang le  o f  incrldnce 
was in c re a se d , b u t only by a f a c to r  o f  th e  o rd e r o f  8% over th e  range 03 
to  30° ang le  o f  in c id e n c e .
8 .5 . The N ine-G rating  Assembly
The lo w er-o rd e r g ra tin g  assem blies  had shown th a t  th e o re t ic a l ,  
p re d ic t io n s  were in  c lo se  agreem ent w ith  e m p ir ic a l v a lu es  and hence , 
f o r  an assem bly o f  n in e  g r a t in g s ,  th e o r e t ic a l  p lo t s  on ly  were o b ta in ed  
(see  f i g .  8 .9 ) .  The c o n f ig u ra tio n  o f  g ra tin g s  used in  th e  com puter
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program runs c o n s is te d  o f  th e  f i r s t  g ra tin g  o r ie n ta te d  such th a t  i t s  
w ires were v e r t i c a l ,  and th e  o r ie n ta t io n  o f  subsequen t g ra tin g s  
p ro g re s s iv e ly  r o ta te d  in  eq u a l s te p s  such th a t  th e  w ires  o f th e  n in th  
g ra tin g  were h o r iz o n ta l .  The in p u t r a d ia t io n ,  a t  a frequency o f  9 .4  GHz, 
was h o r iz o n ta l ly  p o la r i s e d .
A comparison was made between th e  above r e s u l t s  and th o se  o b ta in ed  
p re v io u s ly  w ith  f iv e  g ra t in g s .  The fo llow ing  o b se rv a tio n s  were made 
w ith  reg a rd s  to  th e  n in e  g ra t in g  r e s u l t s .  An even h ig h e r  percen tag e  
o f  in c id e n t r a d ia t io n  had i t s  p lane  o f  p o la r i s a t io n  r o ta te d  th rough 90°. 
The frequency o r  in t e r g r id  sp ac in g  range was broadened and th e  resonance 
c o n d itio n  sharpened . The spectrum  a n a ly s in g  and f i l t e r i n g  p ro p e r t ie s  
were th e re fo re  im proved. I t  was e v id e n t th a t  th e  more g ra tin g s  to  be 
used , th e  more pronounced th e se  c h a r a c te r i s t i c s  would become.
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CONCLUSION
The p o la r i s a t io n  cascade m a trix  fo r  a s e r ie s  o f  in c lin e d  g ra tin g s  
has been shown to  give an a cc u ra te  d e s c r ip tio n  o f th e  tran sm iss io n  f i e l d ,  
bo th  in  am plitude and p h ase , fo r  g ra tin g s  w ith  w ires  and spac in g s  o f 
on ly  a sm all f r a c t io n  o f th e  w avelength . This has been ex p erim en ta lly  
v e r i f i e d  and i s  a ls o  in  agreem ent w ith  p u b lish ed  r e s u l t s .  Any i n t e r ­
g r id  e f f e c t s  due to  evanescen t mode p ro pagation  when th e  g ra t in g  
s e p a ra t io n s  were sm all were n o t d e te c te d  e x p e rim e n ta lly , the reby  
su p p o rtin g  the  need to  co n s id e r on ly  dominant mode p ro p a g a tio n , as 
assumed in  th e  cascade m a trix  r e p re s e n ta t io n  o f a s e r ie s  o f g r a t in g s . '
The r e s u l t s  show t h a t ,  w ith  very l i t t l e  lo s s ,  th e  component 
t ra n s m itte d  by the  f i r s t  g ra t in g  can be ro ta te d  by th e  subsequent 
g ra tin g s  in to  any re q u ire d  d ir e c t io n  o f  p o la r i s a t io n .  This p ro p e rty  i s  
r e ta in e d  fo r  f iv e  g ra t in g  c o n fig u ra tio n s  in  which th e  in te r g r id  spacings 
l i e  between A/8 and 3A/8 and hence fo r  an approxim ate 3 :1  frequency 
band. R esu lts  show th a t  th e  la r g e r  th e  number o f  g ra tin g s  used , th e  
lower the  lo s s  in  tra n s m itte d  power and th e  w ider th e  frequency band.
A n in e  g ra t in g  c o n fig u ra tio n  i s  found to  r o ta t e  th e  component t r a n s ­
m itte d  by th e  f i r s t  g ra t in g  through any angle w ith  a f i e l d  am plitude 
lo s s  o f  2% o r le s s  over a range o f  in te r g r id  spacing  o f  A/16 to  3A/8. 
F ie ld  am plitude lo s s e s  r i s e  above 50% only over a range-w id th  o f  i n t e r ­
g r id  spac ing  o f  A/24.
This sharp  resonance o f  t o t a l  r e f le c t io n  occurs a t  th e  c r i t i c a l  
spac ing  o f  approxim ately  A/2. I t  i s  e v id e n t, th e r e f o r e ,  th a t  th e  g ra tin g  
can be used in  th e  c o n s tru c tio n  o f  a frequency f i l t e r  o r  o f  a source o f  
monochromatic r a d ia t io n .
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The m a trix  method, th e r e f o r e ,  can s a t i s f a c t o r i l y  be used in  the  
design  o f  r o ta to r s  o f  l in e a r  p o la r i s a t io n ,  o r o f  broad-band c i r c u la r  
and e l l i p t i c a l  p o la r i s e r s  o r  a n a ly se rs .
M odifica tion  o f  the  term s o f  the  m atrix  can be made fo r  th e  cases  
where th e  c ro s s - s e c t io n  o f  th e  w ires  i s  o th e r  than  c i r c u la r .  For 
exam ple, th e  complex tra n sm iss io n  and r e f le c t io n  c o e f f ic ie n ts  a re  
a v a i la b le  in  th e  case o f  s t r i p s  o r  w ires o f  e l l i p t i c a l  c ro s s - s e c tio n  
(se e  M arcuvitz o r  Twersky and Burke ^42^) . The cascade m a trice s
can be a p p lie d  to  any s e r ie s  o f  g ra t in g s ,  in  which th e  in d iv id u a l 
g ra tin g s  need n o t be o f  s im i la r  dim ensions o r  c ro s s - s e c tio n .
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Appendix A
The s c a t t e r in g  m a trix  as given in  equation  3.50
Ex2 Ru R12 T11 T12 EXj
Ey2 s R21 R22 T21 T22 Eyi
Exs T11 T12 R11 R12 E \
Ey3 T21 T22 R21 R22 Eyu
i s  to  be transfo rm ed  in to  th e  t r a n s f e r  m a trix  o f  eq u a tio n  3 ,51 ,
i . e . Ex3 Rxl
Ey3 = Tr Eyi
EXf Ex2
Ey„ Ey2
E quation 3.50 i s  w r i t te n  as fo u r sim ultaneous eq u a tio n s  as fo llow s
Ex2 -  ^11 (A. 1)
Ey2 = « 21 Ex , + R22 Ey; + Ta l  E%  + Ey^ (A .2)
EX3 = T11 EX1 + Tl 2 Eyi + R11 Exit + Rl 2 Eyth ^A' 3^
Ey3 = T21 EX1 + T22 Eyi + R21 B\  + R22 %  (A-4)
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Ex^ and Ey^ a re  to  be e x tra c te d  from equations A .l  and A .2 . To 
e x t r a c t  Ex^9 equation  A .l  i s  m u lt ip l ie d  by T to  g ive
= T22 R11 EXI + r 22 R12 Eyi + T22 T11 E5% + T22 T 12 Ey4 (A .5)
and A .2 i s  m u ltip l ie d  by T to  g ive
T 12 E y 2
= T_ R . , Ex, + T R Ey + T T Ex + T T Ey (A .6)
12 21 1 12 22 12 21 if 12 22 \
S u b tra c t A .6 from A .5 to  g ive
(T22 £x2 -  T12 Ey2)
= + 2  R11 -  T12 R21)EV  <T22 R12 -  T!2 R22)EV  (T22 *11 " T12 V +
(A .7)
Thus Ex =
** ^Tl l  T22 " T12 T21')
(T1 2 R21 - T2 2 Rn >  + 2  R22 -  T22 R12} T22 " J
Ex,
Ey.
Ex,
Ey,
(A. 8)
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T , Ex 
21 2
= T R E x + T  R ' E y + T  T E x + T  T Ey (A.9)21 11 1 21 12 y l 21 11 4 21 12 J 4
and equation A.2 i s  m u ltip lied  by T^  to  give
To e x tr a c t  Ey^9 equation  A . l  i s  m u lt ip lie d  by T ^  to  g ive
T11 Ey2
= T11 R21 Ex1 + T11 R22 Eyi + Tn  T21 Ex  ^ + TX1 T22 Ey^ (A.10)
Subtract A*10 from A.9 to  give
^T21 Ex2 ~ Tl l  Ey2*
= (T21 Rn  -  TX1 R21)Exx+ (T21 R12 -  Tn  R22)Ey1+ (T21 T12 -  Tn  T£2)Ey1+
(A. 11)
Thus Ey. =4 “ (T ~T -  T  T T
V 11 22 12 21
Rn i R. ,>  (T R -  T R ) -T T
21 U  11 21 21 12 11 22 21 11
Ex.
Eyi
Ex,
(A .12)
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S u b s ti tu t in g  A .8 and A ,12 in to  A ,3 gives
E x. =
. U T ,,(T  -  T T )+ R (T R -  T R )+ R (T R -  T R ) ]Ex
11 11 22  12 21  11 12 21 22  11 12 21  11 11 21  1
+ [ T ( T T  -  T T ) + R ( T R  -  T R )+ R (T R -  T R ) ]Ev
12 11 22 12 21 11 12 22 22 12 12 21 12 11 22 }
+ Et r ~ t r ]ex
22  11 21 12 2
+ lTl l  R21 “ T12 RU 3E^ } (A ,13)
S u b s ti tu t in g  A ,8 and A .12 in to  A ,4 g ives
Ey
3 (T H  T22 -  T12 V
• { [T21<T11T22 “ T12T21*+ R21^T12R21 " T22R113+ R22^T21R11 “ Tl l R2 Z 3Exi
+  [ V T 1 1 T 2 2  “  T 1 2 T 2 1 ) +  R 1 1 ( T 1 2 R 2 2  "  T 2 2 R 1 2 > +  R 2 2 ( T 2 1 R 1 2  ~  " l l V ^ l
+ Et R -  T R 3Ex 
22 21 21 22 2
+ Et r  -  t  R0 o3Ey9  > (A ,14)11 21 12 2 2 ^ 2
G athering  eq u a tio n s  A ,8 , A, 12, A ,13 and A ,14 and w r it in g  in  m a trix  form 
g ives
Exrt Ex3 1
Ey3 2 Tr Eyi
Ex2
^ 4 Ey2
(A .15)
where |T r| has elem ents
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A ij b e in g  given by th e  fo llo w in g
\ z  " *T21 R12 " T11 R22^
A43 = " T12
A44 = T11
[ 15](see  H i l l  and C ornb leet )
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Appendix B
M A S T E R  P 5 8 C  *
T H I S  PROC,  RAH E V A I  HA T  E 8 T H E  R E S U L T A N T  T R A N S M I T T E D  A N n  R E F I. F C Y F U 
F I E L D S  PROM A S Y S T E M  OF F I V E  P A R A L L E L  G R A T I N G S  I N C L I N E D  AT  V A R I O U S !  
A N G L E S  TO SOHF-  A R B I T R A R Y  A X I S  WHEN A P L A N E  WAV?;  I S  I N C I D E N T  
N O R M A L L Y  UP ON  i t  :
R E A L  K r U M f N  , I X P  ,  X Y P / H O D l  * M 0 D 2  » M 0 D 3  t MQ D 4  , MODS  , M O D M U L T  # I  PH ,  L A M B D A  
I N T E G E R  W . v , , H :
D I M E N S I O N  A I  < 4 ,  4 > , A 2 < 4 , 4 >  # A 3 < 4 , 4 >  i A 4 < 4 i 4 >  , A S < 4 , 4 >  , A A < 4 , 4 >  , A C < 4 ,  4 )
1 A 0 ( 4 , 4 )  t 8' ] ( 4 , 4 )  ? B P ( 4 , 4 )  ,  » 3 ( 4 , 4 )  , G A C 4 , 4 >  , U 5 < 4 , 4 >  , E Q U 4 , 4 )  , B C < 4 , 4 )  , 
2 3 0 ( 4 #  4 )  t R p H ( 4 #  4 )  # 1 + 0 1 ( 4 ,  4 )  i A N G L E  ( 5 )  , T H E T  A ( S > ,  S E + G r 0 ( 4 )  :
A D E N O T E S  R E A L  M A T R I C E S , f t  d e n o t e s  i m a g i n a r y  M A T R I C E S  
C O M M O N  ( t t l / P l  
C O M M O N  / Y Y Y / L P G U T
COMMON / X X X / T P A R R E # T P A R I M # T P E R R E # T P E R I M » R P A R R E i R P A R l M # R P E R R E f '
1 R P E R I  M 
I M C R ^ I  
L P O U T a  2
R E A D ( I  N C R , 1 ) R A D ,  W I R S £ P ,  X 1 R 1 # X 1 I 1 # Y 1 R 1 » Y 1 X 1
1 F 0 R M A T < 6 < F l 0 , 7 / > >
W R I T E < L P 0 UT * 2 ) R A D , W 1 RS E P , X 1 M , M l H , Y T R 1 # Y 1 H
2  F O R M A T d O H l R A O l U S  F 1 0 . 7 / 1 9 H  W I R E  S E P A R A T I O N  F - 1 0 , 7 / 1 2 H  R € C E 1 X 1 >:
1 n « , 7 / 1 2 i H  I  M ( E 1 X 1 ) K 1 0 . 7 / 1 2 H  R E < E 1 Y 1 ) F 1 %  7 / 1 2 H  I H (t .1 Y 1 )
2 F 1 0 . 7 )
DO 2 3  I  « ‘1 /  4 '
R E A P < I N C R , 2 2 > S E P G R D O >
22  F O R M A T ?  ( F 6 , 2 ) )
WRI  T E <  L P O U T , 2 1 ) I , S E P G R D <  U  
21  F OR M. AT ( 1  7 H 0 G R I  D S E P A R A T I O N  1 1 , 3 X , R > . 2 ,  S H C M S )
2 3  C O N T I N U E
W R I T E ( L P O U T  , 6 )  ... . . . . . . . . .  ........ ...............
6  F 0 R M A T < 1 9 H 1 A N G L E S  OF G R A T I N G S )
D O 5 I » 1  , 5  . . . . . . . . .
R E A D < I N C R # 3 ) A N G L E < I )
3  F O R M A T  < F 6 , 2  >
W R I T E ( L P 0 U T , 4 ) I , A N G L E  < T )
4 F O R M A T < 7 H O T H e T A  1 1 t 3 X , F A , 2 , 6 H D E C S )  ~ ......................................... .
5 T H E T A U > s * P t * A N Q L E < n / - 1 8 0 t 0 
W R I  T E ( L P 0  U T , ? )
7 F O R M A T ( 1 1 7 H 1  MOD TR X P H A S E  T X  MOD TR Y P H A S E
1 T Y  MOD RF X P H A S E  RX MOD RF Y P H A S E  R Y >
W R I  T F (  L P 0  U T , 3 0 )  .
3 0  F O R M A T ( 3 6 H  C OR R PHX CORK  P H Y
1 )
W R I T E C I P O U T ,  8 )  . ..
8 F O R M A T < 1 1 9 H T R P W R X  T R P W R Y
1 . RFPWR- X " " r ' .................. • - ' E" R F P W R Y  T O T A L )
DO 9  Wis j  , 3 0
WW«W " ' ‘ **• : T>-' ' - ' ;+r .
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I A M B D A fs i! 9 / 9 / 9 3 / ( 7 . 5 1 0  +  w U *  0 . 1 6 5 )  
S F P n # 1 D 5! s c P G R 0 ( 1 > / IA f 1B f> A 
C A L 1, M T R X P H < S E P G R ! D , R P H f I  P H )
W R |  T p < !. P 0  U T , 7 0 ) I. A m B D A 
2 0  F O R M A T C 1 4 H W A V E L E N G T H  M G .  6 )
C A L l  T P. P M S ( • '  A D ? w J p S H P r L A M B 0 A )
C A I  L M f  P.X T ( T H HT A < 1 ) r A 1 , R 1 r MO D 1 > 
C A L I  MY R X T ( I H E T A  < 2 > , A 2 p  B 2  # M O D 2 )  
C A 1 1  M T K X T < T'h T A r A 3 , n 3 *  M 0  0 3 > 
C A U  M T R X T C T  H R YA < 4 } , A A , 8  4 p MO 0 4 )  
C A L L  M Y R X Y < T H 7  T A ( 5 )  / A 5 p B 5 p M 0  0 5 ) 
C A L L  M X M U L T ( R P H # A 1 # A C )
C A L L  M. XMULT ( I PH f 81 , A . D)
C A L L  M X M U l T ( R P « f  B1 * 8 0  
C A L L  M X M U L T ( I P  B p A 1 p B D )
0 0  1 0  < 5 * 1 , 4  
DO 1 0  H 1 t 4
A A < G f H ) * A C < G # H > " A D ( G , H )  
B‘B < G , H ) s » B C < G f  H ) + B D < G # H )
1 0  C O N T I N U E
C A L L  M X M U I T ( A 2 # A A # A C >
C A L L  M. XMULT < B 2 p B B ,  A D )
CA L I ,  M X H U L T  (  A 2  ,  5 R p BC 5
e pi l  l  h x m u l t  (& 2 1 a a ? 0  r>)
DO 11 0 = 1 , 4  
DO 11  H * 1 f *
A A < G r H ) a A C < G , H > - A O ( G # H )  
B R ( G , H ) a & C ( G , H - )  + B D < G , H )
11 C O N T I N U E  
S E P G R I D * ' S E P G R D < 2 ) / L A M B 0 A  
C A L L  M T R X P H C S E P G R I D / R P H # I P H )
- . C A L L  M X M U L T C R P H p A A , A C )
CALL MXnULT(IPH#BBf AO)
C A L L M XM U L T ( R P H , & n , B C )
  C A L L  M X - H U I T C I P H ,  A A , B O )
DO 1 2  6 * 1 , 4  
DO 1 2  H * 1 , 4
A A ( G p H )  k  A C ( G p H 5 A D ( G p H ) 
B B < G # H ) b 8 C ( C i , H )  + B P < G , H )
1 2  ‘ C O N T I N U E
CALL HXHULT<A3pAA,AC)
C A L L  M X M U L T < B 3 f B B r A O )
C A L L  M X M U L T < A 3 , B B , 5 C )
CALL MXMUlT<B3#AA,BD>
0 0  1 3  0 * 1 r 4 
DO 1 3  H ” 1 # 4
A A < G , H ) a A C < G , H ) « A D < 6 r M >
B B < Q , H ) * B C < G , H > + B D < G | H >
1 3  C O N T I N U E  
S E P G R I P ” S E P G R D ( 3 ) / L A M B D A  
C A L L  M T R X P H < S E P 6 R I D p RP- M, ‘I P H )
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*iT3 
iC!5
C A L L  M X M U L . T C R P H ,  A A ,  A C )
CAUL " X (' U L, t ( I P H / & A , A 0)
C A t* I, F> X * i U L T ({■! P H , 8 8 / B C) !
CALL MXMULTUPH# AA f BO.)
0 0 1 4 0 “ 1 f A 
DO 1 4  8 - 1 / 4
A A s fs , H ) "  a C l C f - O ”- A *> ( 8 # H )
D B < G / M ) ss B C < Ci,  H ) + & D < G , H )
1 4  c o n t i n u e
■CALL M X M U L T  ( A  4 1 A A , A C )
C A L L  M X n u l T ( B 4 > R B , A D )
C A L L  M X N U L T ( A 4 # B B  f R C )
C A L L  MX' MULT ( 0 4 f A A » G I > )
DO 1 5  6 * 1 , 4  
DO 1 5  1 , 4
A A < r , ,  M )  a  A C < G ,  H 5 -  A & < G., H )
B B < G , H > « B C < G , H > + B D < G f H >  ...........................
15 CONTINUE
S E P 0 R I  D » S E P C R D ( 4 )  /  L A M B D A 
C A L L  M T R X P M ( S E P G R J D , R P H , I P H )
C A L L  M X M U L T < R P H , A A , A C >
C A L L  M X M U t T < | P H f B B f A D )
C A L L H X M U L f ( R P H , B B , 8 C )
C A 1 1  M X H U L T ( I P H , A A # B 0 )
DO 1 6  6 * 1  , 4  
D 0  1 6  H s 1 ,  4
A A < Q , H > » A C < G , H > - A D < G , H >
B B < G , H >  « BC  < G , H ) + B D  < G , H>
1 6  C O N T I N U E
C A L L  M X M U L T C A 5 , A A , A C )
C A L L  M X M U L T < B 5 # B B # A D >
C A L I ,  M X M (J L T ( A 5 / B 8 , 5 C )
C A L L  M X M U l T - < 8 5 , A A , B D >  ' •
DO 1 ?  G-»1 , 4
D 0  1 7  K »1  , 4
A A ( G , H ) < * A C ( G , H ) - * A D ( G , H )
8 R ( G , H ) « B C C G , H >  +  B D ( G f H )
1 7  C O N T I N U E  . . . .  ,
I N  T H E  F O L L O W I N G  S O L U T I O N  OF S I M U L T A N E O U S  E Q U A T I O N S , I T  I S  A S S U M E D ,  
T H A T  T H E  F I E L D  T R A N S M I T T E D  F ROM T H E  F U R T H E S T  G R A T I N G .  I S  . NOT
 REFLECTED/I»E, E?X2 ETC. ARE 2ERO, THE PROGRAM COULD BE MODIFIED
TO A C C O M O D A T E  £ 2 X 2  I N  T E R M S  OF E 2 X 1  E T C , , 
K » s < A A < 3 , 1 > * X 1 R 1 * B B C 3 r 1 ) * X U 1 4 ' A A < 3 # 2 ) * Y 1 R 1 « ’ B B < 3 # 2 > * Y 1 I 1 >  
L * “ < A A ( 3 , 1 ) * X 1 1 1 + 8 B < 3 , 1 ) * X 1 R 1 + A A C $ , 2 ) * Y 1 I 1 + B 8 < 3 , 2 ) * Y 1 R 1 >
M * 9 < A A < 4 , 1  > * X 1  R 1 * B B < 4 , 1  ) * X 1  I 1 + A A < 4 , 2 ) * Y 1  R 1 « - B B < 4 , 2 > * Y 1  11 > 
* N » * ( A A < 4 , 1 ) * X 1  1 1 + B B < 4 , 1 > * X 1 R 1 + A A < 4 , 2 ) * Y 1 11 * B B . < 4 #  2 )  * Y 1 R 1 >
C A L L  D E T E R M < A A < 3 , 5 ) , w B B < 3 , 3 > , A A < 3 , 4 ) , - * 8 B < 3 , 4 > f B B ( 3 , 3 ) , A A < S , 3 ) ,  
1 B B ( 3 , 4 ) ,  A A ( 3  # 4 )  / A A < 4 ,  3 )  ,  •? B B ( 4 ,  3 )  , A A ( 4 , 4 )  ,  <* B 8 < 4 ,  4 )  , 8 B ( 4 , 3 ) , A A ( 4 , 3 )  ,  
2 8 8 ( 4 , 4 ) , A A < 4 , 4 > # D E T )
C A L L  D E T E R M U , e B B < 3 , 3 > , A A < 3 , 4 > , « B 8 < 3 , 4 > , L , A A < 3 , 3 > # & B C 3 r 4 > , A A < 3 # 4 ) r  
■1 Hf  ? * B B < 4 f  3 > » A A < 4 # 4 ) . f « B B < 4 i  4 >  , N # A A < 4 # 3 )  » B B < 4 i 4 )  # A A ( 4 # 4 >  I - D E T 1 )
-  159 -
C A L I .  0 E T £ R H ( A A < 3  p 3 )  , K , A A ( 3 p 4 )  r * R 8 ( 3 p 4 >  f B » ( 3 , 3 )  p L r B 0 ( 3 r 4 )  , A A ( 3 # 4 )  p
1 A A ( 4  p 3 )  p M i A A ( 4 » 4 )  p *s B 8 ( 4 * A ) p LU (  <* p 3 )  # 0 , 0 8 ( 4 , 4 )  p A A (  4  » 4 )  # D E i 2 )
C A L L  D £ T £ R M U A < 3 # 3 >  p « 8 8 ( 3 #  3 )  p K p BH < 3  p 4? # 8 8  ( 3  p 3 )  /  A A ( 3  p 3 )  t L p A A ( 3 , 4 > r 
1 A A C 4 p 3 )  .p •» fi B ( 4 , 1> , 51,  « R B (<> , 4 )  , 0 8 < 4 p 3 ) , A A ( 4 , 3 )  p H ,  A A < 4 ,  4 > p t> £ T 3 )
C A L t, D E1 {; K H (A A ( 3 , 3 )  p •* B B ( 5 ( 3 ) ,  A A (3 # 4) # K p 8 8 ( 3 p 3 ) t A A (3 # 3 ) t B 8 (3 # 4 ) p L t  
1AA<4p3),-®BB<4p3),AA<4p4)#H,fiB(4p3)fAA<4,3) |BD<4p4),NrOET4)
M 0 D H U I Y  « r i u D1 *  ? 10 D 2 *  H 0 0 3 *  i '■ 0 D 4 *  to 0 0 ;> 
X 2 R 1 a D U T 1 /  D £ T
X Yf 11 r 5 R T 2 / D F T
Y2-R.1 -  0 E Y 3  /  0 1 T 
Y ? ! 1 s D E T 4 / 0 E T
X I  R 2 s ( A A < 1 p1 , 1 > - * X 1  H  + A A < 1 , 2 )  * Y 1  R 1 - B B C 1  p 2 )  *  Y T 1 1 *  A A ( 1  , 3 ) *  
1 X 2 R 1 - B B C 1 t 3 > * X 2 I 1 + A A C 1 , 4 ) * Y 2 R 1 « B B < 1 p A ) * Y 2 T 1 ) * M O 0 H U L T
X U 2 a < A A < 1  * 1 ) * X 1  X1 + B B < 1  , 1 > * X 1 R 1 + A A < 1 , 2 ) * Y 1 ' I 1  + B&C1  # 2 ) * Y 1 R 1 * A A < 1 , 3 ) *  
1 X 2 I 1 + B B C 1  p 3 )  *  X 2 R 1 *  A A ( 1  p 4 )  * Y 2  1 1 + 8 B  < 1 p 4 ) * Y 2 R 1 > * M Q D M U L T  
Y 1 R ,? = ( A A ( 2  p 1 )  *  X 1 R 1 -  R B ( 2  , 1  > *  X 1 1 1 +  A A ( 2  ,  2 )  *  Y 1 R 1 -  B R ( 2  p 2 )  *  Y 1 !  1 + A A ( t , 3 > *  
1 X 2 R 1  -  BB < 2 p 3 ) ' * X 2 H  *  A A < 2 p 4 )  * Y 2 R 1  < 2 , 4 )  * Y 2 l  1 )  *  M 0  D M U L T
Y 1 I 2 a ( A A < 2 r 1 > * X 1 I 1 + ' B B ( 2 / 1 ) * X 1 R l + A A ( 2 # 2 ) * Y i r i  + B B < 2 r 2 ) * Y l R l  + A A ( 2 # 3 > *  
1 X 2 i n B B < 2 , 3 ) * X 2 R 1 + A A ( 2 p 4 ) * Y 2 l 1 + B B ( 2 f  4 ) * Y 2 R 1 > * M 0 D M U L T  
T H E  F O L L O W I N G  T R A N S M I T T E D  AMD R E F L E C T E D  P O WE R S  ARE  R E L A T I V E  T I M E  
A V E R A G E  P OWE R S  ( A S  I N  P A P E R  BY G R O V E S )
J X P * X 1 R 1 * X 1 R 1 + X 1 I 1 * X 1 11 
I Y P « Y 1 R 1 * Y 1 R 1 * Y 1 X 1 * Y 1 U
T X P » ( X 1 R p * X 1 R 2 *  X 1 1 2 * X I  I  2 > *  1 o o , o /  O X P + T Y P )
T Y P « C Y 1 R 2 * Y 1 R 2 * Y 1 I 2 * Y 1 I  2 ) * 1 0 0 . 0 / < I X P + I Y P >
R X P = < X 2 R 1 * X 2 r U X 2 I 1 * X 2 H  > * 1 G Q « Q / 0 X P + I Y P )
R Y P b ( Y 2 R 1 * Y 2 R 1 * Y 2 I 1 * Y 2 I 1 ) * 1 0 0 , 0 / < I X P + I Y P >
T O T A L s T X P + T Y P + R X P + R Y P  
T X « S Q R T ( X 1 R 2 * * 2 + X 1 1 2 * * 2 )
T Y S 0 RT ( Y 1 R 2 * * 2  + Y1 1 2 * * 2 )
R X a S Q R T < X 2 R 1 * * 2 + X 2 I 1 * * 2 )
R Y * S Q R T ( Y 2 R 1 * * 2 + Y 2 J 1 * * 2 )
P N T X b A T A N ( X 1 I  2 / X I R 2 ) * 1 8 0 . 0 / P 1  
P H T Y b A Y A N C Y I I 2 / Y 1 R 2 ) * 1 S O . 0 / P I
PHRXsATAN<X2J1/XHPl>*13n,0/Pl
P H R Y a A T A N < Y 2 I 1 / Y 2 R D * 1 8 0 . 0 / P I  -
I F ( X 1 R 2  . L T ,  0 , 0 ) 6 0  TO 3 1
3 5  I F C Y 1 R 2  . L T ,  0 , 0 ) 6 0  TO 3 2
3 6  X F ( X 2 R 1 . I T .  0 , 0 ) 6 0  TO 3 3
3 7  I F  < Y 2 R 1 . L T .  0 , 0 ) GO TO 3 4
GO TO 3 8
3 1  P H T X a P N T X * 1 8 0 . 0  
GO TO 3 3
3 2  P H T Y a P H T Y + l H O . O  
GO TO 3 6
3 3  P H R X « P H R X * 1 8 0 . Q  
GO TO 3 7
3 4  P H R Y » P H - R Y * 1 8 0 . 0   -  ~~ -
3 8  C O P H T X s P H T X + S E P G R I D * 3 6 0 . 0  
C O P H T Y a p N T Y  + S B p f i R ! D * 3 6 0 . 0  
I F < C O P H T X  , G T ,  3 6 0 , 0 ) GO TO 41
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end
3 9  I M C O P H T Y  , O T ,  3 6 0 , 0 ) 6  0  TO 4 2
GO TO 4 3  
4 1  C 0  P H T X « C 0  P H T X ** 3  6  0 , 0
GO TO 39 
4 Z COP \l T V « C 0  P H T V w 3 6 0 , 0
4 3  w r i t e < l p o u t # i 8 > t x , p h t x , t y , p h t v , r x , p h r x , r y , p h r y
1 1) F 0 R * ' A 7 ( 1  H 0 L 7 £ s 5 , }"X , F 6  « 2 t Z X # 3  ( £ 1 3 , 5 , 7 K p l: 6  „ 2 )  )  
vi R I T E C  I, P 0  U T , -4 0 ) C 0  p H T X , C 0  P H T V
4.0 FOR U 4 t ( 1 m 1 o x . p 6 , 2 4 X , F 6 . ?,)
WR I T  £ < L P G U T / 1 9 ) T X P # T Y P , RX P # R Y p , T O T A L  
1 9  F O R M A T  C 7 H 1 O X / F 6  , 2 / 2 4 X , F 6 « 2 , Z 4 X  r P 6 ■ 2 , 2 4 X # F 6 . 2 ,  
9  C O N T I N U E  
S T O P  
END
OF S E G M E N T ,  L E N G T H  2 2 9 5 ,  NAME  P 3 8 C
6 X, F 6 , 2)
- 1 6 1  -
S u B R o U r  I M r T £ R M S ( Q A D , W T R S f: P , { A M 0 ?5 1\)
T H I S  S U B R O U T I N E  E V A L U A T E S  T H E  ■ T R A N S M I S S I O N  AN D  R E F L E C T I O N
COEFFICIENTS 
REAL L A M B D A
REAL M tN 
C O M M O N / 2 2 2 / P I 
CO MMO N /Y YV /I PO U T
C OHM-0 N / X X X / T P A R R E , T P ‘A R I M , T  PE R R E , T P E R IM # R P A R R E , R P A R S M , R P E R R E , R P ER I 
P “ 0 , 0  
T E R M 3 - 1  , 0
8 U M 3 b A L 0 6 < W I R S E P / < 2 , 0 * P I * R A D ) )  ' 7
2 0 1  P * P + 1 . 0
U R M 3 » ( 1  . 0 / S Q R T  C R * p w < W l R S E p  / L A M B D A )  * * 2 ) - * 1  * 0 / P )
S U M 3 ® S U M 3 *  T E R M 3
I F  < T E R M 3  , < * E .  1. ,  Q B M  Q > 0 0  TO 2 0 1  
X * W ! R S E P * S U M 3 / L A M R D A  
V C 4 « 0 * P 1 * P I * R A D * R A D / <  U I R S E P  * L AMB D A )
Y s ( 2 , 0 * X * V p’V * V * 1 , 0 ) * * 2  + 4 , Q * ( X ” V ) * * 2  
T P A R R € » 4 . 0 * X * < X ** V ) / V.
T P A R | M « 2 , 0 f t X * ( 2 . 0 * X * V - V * V + 1 , 0 ) / Y  
R P A R R E s  ( ( 2 ,  0 - * X * V - V * V >  * * 2 - 1  . 0 )  /  Y 
R P A R ! M B < " 2 p O < f  ( X - - V ) * ( H ,  0 * X * V - V * V - 1  , t ) ) / Y >
M = 0 , 0  
T E R M 1 = 1 , 0
S U M 1 b 1 . 0 + < A L O G < W I r S E P / < P I * 2 , 0 * R A D ) - ) / 2 , 0  + 3 , 0 / 8 , 0 > * < P I * 2 , 0 * R A D .  
1/IA HBD A>* *2
2 0 2  M » M + 2 . 0
T E R M 1  s <  < P 1 * 2 ,  0 * R A D /  L A M B D A )  * * 2 )  *  <1 . 0 / S O R T < M * M * < 2 , 0 * W I R S E P /  L A M B D A  
1 > * * 2 > - 1 , 0 / M )
S U M 1 » S U M 1 + T E R H 1
I F < T E R M 1  ,GE, 1,0E-1O)r,o TO 2 0 2
N s 0 , 0
T f i R M 2 » 1 . 0
S U M 2 s 1  , 0 + <  ( P I  * 2 , 0 *  R A D / L A M B D A )  * * 2 > * ( 1 ' 1  , 0 / 4 , Q « A L O G ( W I R S E P / ( 2 , 0 * P I  *  
1 R A D )  > ‘> / 2 .  0 + (  < P l * R A D / W I R $ E P ) * * 2 > / 6 , 0
2 0 3  N b n + 2 ; 0
T E R M 2 « ? 2 ,  0 * <  < P I * R A D / W I R S E P > * * £ > * < N * <  <2- ,  0 * W I  R S E P / L A M B D A )  * * ' 2 )  /  ( 2 ,  0 * N )  
1 -  S ' Q R T < N * N « < 2 ,  0 * W ! r S E P / L A N B D A ) * * 2 ) )
' ' • S U M 2 b S U M 2 s T E R M 2  '  7 ” " " ' ' .......................
I  F ( T E R M ?  , <SE,  1 , 0 e H 0 ) 0 O  TO 2 0 3
A D M 1 a < 2 , 0 * W I R S E P / L A M B D A ) * < < P I * R A D / W l R S E P ) * * 2 ) / 8 U M 2  
A D H 2 b < L A M B 0 A / . < 2 , 0 * W I R S E P >  ) * <  ( W I R S E P  /  < P I * R A D )  > * * 2 ) * S U M 1  
1 « < WI  R S g P /  I A M B  D A ) *  ( <  P I  *  R A D /  W-I R S E P )  *  *  2 )  /  S UM 2 
Z » 1 , 0  + A D M 1 * * 4 + ( 2 , 0 * A D M 1 * A D M 2 ) * * 2  + 4 , 0 * A D M 2 *  < A D M 1 * * 3 ) + 4 , 0 * A D M 1 * A D M 2  
1 + 2 i 0 * A D M 1 * * 2 + 4 , 0 * A D M 2 * * 2 -  
T P E R R E b 4 . 0 * A D M 2 * < A D M 1  + A D M . 2 ) / Z  
T P E R I M « 2 . 0 * A D M 2 * < 1  , 0 * A D ' m 1 * * 2 - 2 , Q * A D M 1 * A D M 2 > 7 Z  
R P E R R E «  < 1 , 0 - <  < A D H 1 # * 2 ) * ( A D M T * 2 , 0 * A D M 2 > * * 2 ) ) / Z
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R P £ R ! M a < « 2  , 0 *  < A D M 7 ¥ A D M 1 *  * -3 + A I) H 1 *  A D M 2 *  ( 3  . 0 *  A ft M 1 + 2 , 0 *  A D M 2 )  + A ft M 2 ) /  7 ) 
RETURN 
6 N I)
END OF S E G M E N T ,  L E N G T H  5 6 3 ,  NAME T E R M S
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S u 0 ft 0 U T I  N u ! IT R X P fl < 6 k f) S E p ? P H I R E , P H U H )
T H I  S S U B R 0 U t I  N R H O k HS T H £ I  NT j cR0 R I  p P H A S E  M A 7 R I  X
D I M M S TON PHI RF.  ( 4 , / O f P H I I  M < 4 , 4 5
C O M M O N / Z Z Z / P I
0 o 3 0 1  l a l  r 4
DO 3 0 7  J n 7 # 4
X P ( I c,J ) 3 0 3 , 3 0 4 , 3 0 3
3 0 3  P H I  R E < X f J ) » 0 B 0 0 0 0 0 0 0 0 0 0  
P H H H U f J )  . 0 0 0 0 0 0 0 0 0 0  
GO TO 3 0 1
3 0 4  P H l R E ( i , J ) * C O S ( 2 . 0 ^ P I * G R D S g p >
I F < J - 2 ) 3 0 5 , 3 0 5 # 3 0 6
3 0  5 PH I I M  < I , J > * - S I N ( 2 , 0 * P I * G R D S E P >
GO T O 3 0 1
3 0 6  P B H  M < X , J > ® S 1 N ( 2 . 0 * P I * G R D S E P )
3 0 1  C O N T I N U E  
R E T U R N  
END
!> OF S E G M E N T ,  LENGTH 1 4 5 ,  N A M £ MTRXPM
S U 8 r. 0 U T ! N r  ' ’ >v * 7 U I T  ( A ,  3 r C > 
q T ri I S S U !i R 0 U Y I M L I i U t, T 1 P L I E S 4
D I M E N S I O N  A ( 4  r 4 ) , R < 4  r 4 ) ,  C < 4 , 4  
0 0 4 0 i I »1 r 4 
DO 4 0 7  J - 7  t 4
c n  * j > *so» o
DO 4 0  7 K s 7 , 4 '
4 01  C < I  ,  J > b C ( I  , J )  «• A < I  ,  K )  *  B < K i J >
RETURN
END
EI I D 0 F S E G M E N T ,  L P N G T H  1 0 6 ,  N A M ?*
■3V 4 MAT
MXMUIT
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S U B k 0  U T I N F  u T & k H ( A , B > C , D / £ , F / 6 , H / 7 / J ? K , L t M , N , 0  /  P « D V A L U b 5 
C T H I S  S U B R O U T  I N g  E X P A N D S  4 BY 4  D E T E R M I N A N T S
R E A L  I , J , K r U M r N
D V A L U b is A iv ( P * ( K * P - 0 L ) « A * < >1 * P « L fc N) + H * ( J * 0 K * N ) ) c‘ B * ( E # ( K * P *=* 0 * L ) - G *
7 ( 1  *  P -• t, *  H ) 4- H *  < I  *  0  -» K *  M ) ' )  + C * ( E * ( J * P - L * N ) - F * ( l  *  P ■» L *  M > + H *  < I  *  N -  J **
2 -M 5 ) « j) *  < E *  ( J  *  0 -  K ’> U ) M F *  < I  *  0  "  < *  H )  + 6 *  < I  *  N "  J * M ) )
RETURN
END
END OF SEGMENT, LENGTH 19?, NAME DETERM
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p U A 1? o u T T ?1 F M T P X T ( T H F T A f A , U r U 0 1))
T H I S * S U B R O U T I N E  E V A L U A T E S  T H E  T R A N S M I S S I O N  M A T R I X
P f: A I. M 0 1) ,111 , I T 2 , t. T 1 2 , T R 1 t I R ?. t I 91 2 
D I M E N S I O N  A C A ,  O
C O M M O N / X X X / T P  A R R E ,  T P A R X M ,  T P E R R E # T P E f t I M #  R P A R R E  p R P A R I M  i R'P’E RRE # R P E R I M
T W ( » a s I M < 2, 0 * T H r T A ) / 2 . 0 
$ G C s C Q S < T H E T A > * * 2  
•S u S a S I  N ( T H E T A ) *  *  2 
R T 1 » T  P A R R E *  S Ci C *  T P E R R c *  s Q'S 
R T 1 2 » < T p A R R F -  T P E R R E ) *  T u* 0  S 
R T 2 * T P £ R R E * S 0 C * T P A R P. E * 8 0 S 
! T 1 b T P A R I M * S Q C + T P E R I M * S Q S
i T l 2 a < T P A R l M w T P E R ! M > * T W O S  _ . ....................
I  T 2 s  T P E R I M *  f, Q C *  T P A R I M  *  § 0  S 
R R 1 s R P A R R E * S Q C  + R P P . R R E * S O S  
RPv1 ? s  ( R P A R R f * * R P E R R E )  * T U H R
R R 2 » R P E R R E * S Q C * R P A R R E * $ Q S
I R 1 s R P A R I M * S Q C * R P S R I M * S O S
I R 1 2 a < R P A R I M -  R P F R I M ) *  T U 0 S
I R 2 » R P £ P .  r ^ * S O C  + R P A R  t M + SOS
X A = R T 2 * R T 1 * I T 2 * I  T 1 R T 1 2 * * 2 * 1 T 1 2 *  * 2
X B B l T 2 * R m i T l + R T 2 * 2 , 0 * R T l 2 * l T 1 2
S Q » C X A * X A + X B * X B >
X A A * X A / S Q R T ( S O )  - ■ v
X B B e X B / S Q R T C S O )
M O D S ') , 0 /  S 0  R T <  S Q )
R A a R R l * R R l 2 * I R l * I R l H  
R B B P R 1 * J R 1 2 + I R 1 * R R 1 2  : -r . :
R C b R R 1 * R R 2 - I R 1 * I R 2  
R D b R R 1 * I R 2 . +  I R 1 * R R 2  
R E * R % 1 2 * R R.2 - I P 1 2 * I R 2
R F a R R l g * I R 2 + I R 1 2 * R R 2  .
R G b R R 1 * R R W R 1 * I R 1
R H * R R 1 2 * R R 1 2 * I R 1 2 * X R 1 2  '   . /
R K » R R 2 * R R 2 * I R 2 * I R 2
R L » R R 1 * T R 1 ‘
R M n R R l 2 * 1 R 1 2 
R N « R R 2 * I . R 2
X C a 2 .  0 ' * < R T 1  H * R A - I T l 2 * R f t + l T 2 * R L * I T 1 * R M ) « R T 2 * R G - R T 1 * R H
X D 8 2 . 0 * . < I T l 2 * R A  + R T 1 2 ,frH f t - R T 2  + R L * , R T 1 * R M ) * I T 2 * R G " I T l * R H
X E « R T l 2 * R C " i T l 2 * R D » R T 2 * R A + i T 2 * R B * R T 1 2 * R H « R T 1 * R £ + J T 1 * R F - 2 , 0 * J T 1 2 * R M
X F *  I T 1 2 *  ii C *  R T 1 2 * R D * I T 2 * R A - » R T 2 * R B * I T 1 2 * R H « I T 1 * R E * R T 1  * R F + 2 , 0 * R T 1 2 * R M
X K a 2 . 0 * < R T l 2 * R E - X T l 2 * R F + l T 2 * R M + I T 1 * R N ) w R T 2 * R H - R T 1 * R K
X L a 2 k 0 * < R T ' l 2 * R F + I T l 2 * R E - R T 2 * R M - 5 R T 1 * R N > * X T 2 * R H ^ I T 1  * R K
X M »  R T 2 *  R R 1 ^ I T 2 *  I R 1 «  R T 1 2  *  R R 1 2  + I T 1 2  *  I R 1 2
X N » I T 2 * R R 1 + R T 2 * I R 1 » R T 1 2 * I R 1 2 - I T 1 2 * R R 1 2
X P « R T 1 * R R 1 2 - I T 1 * I R 1 2 * - R T 1 2 * R . R 1  + I T 1 2 * I R 1
X Q * I T l * R R l 2  + R T l * l R l ? . r? X T l 2 * R R 1 raR T 1 2 * I n 1
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X S » R T 2 * R R1 2 "* I T 2 *  1 *> 1 2 -  R T1 2 * R R 2 + I T1 2 M R 2 
X T » I T 2 * R R 1 2 + R T 2 v l k 1 2 ** 1 Y 1 2 * ft ft 2 ” K T 1 2 a I ft 2 
X U b R T1 * R R 2 ” I Y1 * I ft 2 R T 1 2 * R R1 2 + I T1 2 * I R1 2
X V a I Y1 * R H ;> * ft T1 * I ft ? ♦* R T1 2 * I ft 12"! 7 1 2 * ft ft 1 2
NOW T H E  E L E M E N T S  OF R E A L  M A T R I X  A # I M A G I N A R Y  M A T R I X  8 ARE  O B T A I N E D  
4 ( 1 , 1 )  b R T 1  / M O D + < X A A * X C  +  X B B * X D > '  
b < \ ( 1 )  a I  T 1 /  f 0 1> *  (  X A A *  X I) « X 8 B *  X C )
A <1  ? 2 > «s R -f 1 2 /  ( ) 0  t> =5' ( X A A *  X. I; + X B 8 *  X f  )
B < 1 , ? 5 n T T 1  2 / M  0 ft *  ( y A A *  X ft ** X ft ft *  X E )
A (2 - f  2 )  T 2 / 1* 1 0 D *  ■( X A A *  X K *  X ft ft *  X L )
R ( 2 , 2 )  »  t T 2 /  M O ft + ( X A A *  X L «* X B B *  X K )
A < 1 + 3 )  ss X A A *  X M + X ft 8 + X N 
B < 1  , 3 ) e X - A A * X N - X B B * X M
A < 1 , 4 > b X A A * X P < - X B B * X Q  . ...................................................................
B ( 1 , 4 ) » X A A * X Q - X B B * X P  
A ( 2  r 3 ) b X A A * X S «•X f t 6 * XT  
B < 2 ,  3 ) b X A A - * X T ^ X R R * X S  
A ( 2 # 4 > * - X A A # X U  + X B a *  X V 
B ( 2  , 4) «? X A A *  X V "  X ft ft *  X U 
A ( 3  , 3 )  » R T 2 *  X A A + 1 T ? *  % 8 R 
B ( 3 , 3 > « I T 2 * X A A - R T 2 * X B B -  
A ( 3 , 4 ) « < - R T 1 2 * X A A - I T 1 2 * X B B )
B ( 3 , 4 ) a < * l T 1 2 * X A A + R T 1 2 * X B B )
A ( 4 , 4 )  « R Y I  *  X A A *  I  T 1 *  X ft ft 
B ( 4 # 4 ) b I T 1 * X A A * R T 1 * X B B  
A ( 2 , 1 ) « A < 1 , 2 )
B ( 2 # 1 > « B ( 1 # 2 >
A < 3 , 1 ) s ( « a < 1 , 3 ) )
8 ( 3 , 1 ) a ( « B ( 1  , 3 5 )
A ( 4 , 1 ) g < - A ( 1 , 4 > )
B ( 4 , 1 ) b < « b < 1 , 4 > )
A C 3 # 2 ) b ( - A ( 2 , 3 > )
B C 3 , 2 > b < « B < 2 , 3 > >
A < 4 , 2 ) s ( « A < 2 , 4 > >
8 ( 4 , 2 )  = ( « 8 ( 2 , 4 ) )
A ( 4  , 3 ) S A < 3  # 4 )
B ( 4 , 3 ) b B < 3 , 4 >  . ' •
R E T U R N  :
E N D
E ND OF S E G M E N T ,  L E N G T H  1 1 5 8 ,  NAME M T R X T
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v) t, i 3 C K 0 A V A
C O r t M 0 N / Z 2 Z / P I
D A T A  P I / 3 . 1 A l 5 9 2 6 5 3 6 /
£ N i>
Appendix C
In ch ap te r IV the  c o e f f ic ie n t s  o f  tran sm iss io n  and r e f le c t i o n  fo r  
th e  case o f g ra tin g s  o f c i r c u la r  c y lin d e rs  was d e a l t  w ith  in  d e t a i l .  This 
in c lu d ed  the  e l e c t r i c  v e c to r  b e in g  bo th  p a r a l l e l  and p e rp e n d ic u la r  to  
th e  w ire  a x is .  E xpressions f o r  th e  c o e f f i c ie n t s ,  o r f o r  th e  components 
o f e q u iv a le n t c i r c u i t s  from which th e  c o e f f ic ie n ts  can be d e r iv e d , have 
been o b ta in ed  fo r  g ra tin g s  o f n o n -c irc u la r  c y lin d e rs . E xpressions fo r  
g ra tin g s  o f  e l l i p t i c a l  w ire s , s t r i p s  * re c ta n g u la r  w ires  and d i e l e c t r i c  
c y lin d e rs  a re  quoted h e re .
C . l ,  Wires o f  e l l i p t i c a l  c ro s s - s e c tio n
Using s im ila r  v a r ia t io n a l  te ch n iq u es  as in  the  case o f c i r c u la r
[283c y l in d r ic a l  w ire s , M arcuvitz “ ob ta in ed  ex p ressio n s  fo r  the  e q u iv a le n t 
T-network component© of th e  case o f the  e l e c t r i c  v e c to r  p a r a l l e l  to  the  
a x is  o f  a w ire o f e l l i p t i c a l  c ro s s - s e c tio n  (see  f i g ,  3 .4  and f i g .  C 1 ).
H is ex p ress io n s  a re  as fo llow s
1 1
m^ O
d cos 0 
X
j  , 2
In -=-2— + 0 .601(3  -  2 c.os20 ) fo r  “  «  1
AO
z, i  d cos 0 
X
27Tr,i2
b
where 2 r = (a  + a ) /2  o i z
2rx = [aj a2] 2
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. These exp ress io n s  a re  v a l id  in  th e  range d ( l  + s in  0)/X < 1, 
E g re s s io n s  fo r  th e  tran sm iss io n  and r e f le c t io n  c o e f f ic ie n ts  T^  and
are  o b ta in ed  by s u b s t i tu t in g  Z.^  and in to  equations 3*36 and 3.35 
r e s p e c t iv e ly .
0 = 0 °  and 0 a r b i t r a r y  when th e  in c id e n t e l e c t r i c  f i e l d  was p o la r is e d  
p a r a l l e l  to  the  e l l i p t i c a l  g ra tin g  w ire s . For 0 * 0 ,  th ey  ob ta in ed  th e  
fo llo w in g
In  th e  above e q u a tio n s , 2a i s  th e  len g th  o f  the  m ajor ax is  and 2b th e  
len g th  o f  the  minor a x is .  The m ajor ax is  i s  denoted by 2a to  f a c i l i t a t e  
re fe re n c e  to  a /d  as th e  convergence p a ram ete r, b u t 2a can be in te r p r e te d  
as th e  ax is  e i th e r  in  th e  d ir e c t io n  o f ,  o r p e rp e n d ic u la r  t o ,  the  d ir e c t io n  
o f  the  g ra tin g  norm al.
[49]In  th e  c lo sed  form f o r  a r b i t r a r y  0 , Burke and Twersky 1 o b ta in ed  
th e  fo llo w in g  e x p re ss io n s .
f 491Burke and Twersky o b ta in ed  c lo sed  form ex p ress io n s  fo r  bo th
where
A = [ ! + —■ (a 2-  b2 )] • {In
X
[1 + 4 (a2+b2 ) 2 s i £ b ]  + i  H  Al^2 cos 0 - X 1
T = 1 + ------------ -------- ------ — i     + i  (a  + b)
where
Ai = t l  t  4  ( a2-b 2)3 { in  ^  -  J  [ i  + s in 20]1.202}
(a2 . b2 , £_ ^  + + 1,202]
C onsider n e x t th e  case o f  th e  e l e c t r i c  v e c to r  p e rp e n d ic u la r  to  th e  
a x is  o f  a w ire  o f  e l l i p t i c a l  c ro s s - s e c t io n .  E xtending the  work o f
[ n g ]  [ 4 9 ] ,Twersky , Burke and Twersky ob ta ined  ex p ress io n s  fo r  Rj^  and Tj^
as low frequency s e r ie s  f o r  th e  case o f 0 = 0 ,  and as c lo sed  form 
s o lu tio n s  fo r  bo th  0 = 0  and th e  invo lved  case o f  a r b i t r a r y  Q. T h e ir 
ex p ress io n s  fo r  the  low frequency  s e r ie s  case are  as fo llow s
„ „ m2ab fn  , b ir2a2 r ,„  . b , 6b2 b 3 . 4b /rt . 2b . b 2 \R -  -  1 —r r ~' 12  + — -  - f — | ,16 + 17  — + “ w— -  t  — » ( 3  + —  + —k')
±  Xd a 4X2 a ^  a a  a a2
d 1  . 7T2b 2 m , b . TT2(a+ b)2-i
*TS?ETI+  1 1 3 "  [2  + a + “ T 3 — 13d
, ir2b(a+b) tt2 8b2+ 5ab -  3a2i i
6ad2 7 --------------30 J>
T = 1  + 1  { k  -  l ! £  [13 b + 6bf. .  b* _ J*  ( _ 2b _ b |  _ d  j
j_ Xd a ^ 2  a  ^  &3 a a a2 ' •fKa+b)4
+ i  f2 + k + b  + it2b(a+b) »
Ad a a2 3ad 1
, t 2b(a+b) fn , ir2 (8b2+ Sab -  3a2 ) n  
t  ----------3 **...  I J- t  —5- • — — —  ---------- — J J-
6ad2 d 30
I t  shou ld  be n o ted  t h a t ,  by s u b s t i tu t in g  b = a fo r  th e  case o f 
c i r c u la r  c y l in d e r s ,  th e se  ex p re ss io n s  do n o t reduce e x a c tly  to  those 
g iven in  eq u a tio n s  4.16 and 4 ,1 7 .
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In  the  c lo sed  form fo r  6 = 0 , Burke and Twersky r e ta in e d  only  th e
e l l i p t i c a l  monopoles and d ip o le s  fo r  th e  case o f ka sm a ll, and o b ta in ed  
th e  fo llo w in g  e g r e s s io n s .
Ri " 7 1 dX i d .  t iXd i  d
ir2ab Xab'  1 ' '  A C a + b )  “
T = 1 i  dA , i  d . , i  Xd i dJ_ j. +  .L -S *  + i £ A 1  -  ________  , --------r
ir2ab Xab 1 *2b (a +b)
i = + 2ab ln  iT S F T  + 2ab L  ( t ,“2'  I r 3 2 -  m " 1 )
where
A  ■ U. TTI a+.r> I
m=l 
and
8a2+ 7ab -  b 2  ^ d x _ / . i _ \ X 2\  = ----------5-------------- »<a+b) ln  -  b(a+b) - J J .
2b(a+b) J] ([m2-  yjr] 2 -  i n   — )
m=l x 2mX2
E g re s s io n s  which tak e  in to  account bo th  d ip o le -d ip o le  coup ling  
and d ip o le -o c tu p o le  coup ling  were a lso  o b ta in ed  b u t a re  n o t quoted  h e re .
[ 49]In  th e  c lo sed  form fo r  a r b i t r a r y  6 s Burke and Twersky ob ta in ed
th e  fo llo w in g  e x p re s s io n s .
R =
j- secO + i  + i  TiL. & cos0 ** d ~ d d
* 2ab Xab 1 n2b(a+b) TE^  2
T s i -
£  sec9 + i  —~ ■ + i  A, c o s S  --------—  1 — a
T,2ab Xab 1 ir2b(a+b) Xb(a+L) 2
where
A1 = ~7a~ i r ~-2 + 2ab 111 + (1 + 2 s in 20 . 1.202)
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and
8a2+ 7ab -  b 2+ 4 b (a+ b)sin20 d---------------   b(a+b) i„
b(a tb )A 2
6d2 -  { b ( a + b )  f ?
+ s in 2© ..2 0 2 |
C.2.  S tr ip s
roglM arcuvitz t r e a te d  th e  case o f a s t r i p  g ra tin g  u sing  an in t e g r a l
eq u a tio n  method in  which th e  f i r s t  two d i f f r a c t io n  modes were c o r re c t ly  
t r e a te d  to  o rd e r b 2 . For th e  case o f th e  e l e c t r i c  v e c to r  p a r a l l e l  to  
th e  s t r i p  a x is ,  h is  ex p re ss io n s  f o r  th e  e q u iv a le n t T-network components 
(see  f i g .  3 .4 ) a re
_ i d  cos © j .  ira
2  s  ------  —------1 in  coseca l l  2d
( l - b 2) 2 [ ( l~  —-)(A,+A ) + 4b2A,A 3  _^______ _^_______ 4’* "  ~~t~
2 ( l -  + b2W+ T r  -  T r> < V -A-> + 2b6A .A j
id
X In ~  ~  (3  -  2 cos2©)Tra 2 fo r  a /d  «  1 and d/X  << 1
Z, = 0 b
where
A± =
and
E , 2d s in  © ,d  cos 0 N2 ' 2± ------1----------- (— T  ) ' ]
-  1
. .. ira
b * S ln  2d
(se e  f i g .  C . 2 ) .
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These ex p ress io n s  a re  v a l id  in  th e  range d ( l  + s in  0)/A < 1, E xpressions 
fo r  th e  tran sm issio n  and r e f le c t i o n  c o e f f ic ie n ts  T ^  and a re  ob ta ined  
by s u b s t i tu t in g  Z and ZK in to  eq u a tio n s  3.36 and 3.35 r e s p e c t iv e ly .
3  JD f
For th e  case o f 0 = 0 a a more acc u ra te  ex p ressio n  f o r  Z i s  given by3
■t EIn cosec
rra
2d
Q cos 4 ZfL 2d
1 + Q s in 4 ma 16 2d
(Ct1 -3 sin2 m ) cos 4 719 2d
where
Q =
Ci -  ( f ) 2]
-  1
For th e  case o f  c a p a c it iv e  s t r i p s  in  which the  e l e c t r i c  v e c to r  i s  
p e rp e n d ic u la r  to  th e  s t r i p  a x i s , th e  ex p ress io n s  fo r  th e  e q u iv a le n t 
T-network given by M arcuvitz a re
In cosec
b2 ,
ir(d -a)
2d
+
1 ( l - b 2 ) 2 [ ( l -  ”7y)(A++A_) + 4b2A+A_]
2 ( l - i £ T,+ b2( l+  ^  -  ^ 1 ) ( a +a  ) + 2b6AA d+ -
4d cos 6 2d •IIn + -x* (3 -  2 cos2©)■rr(d-a) 2 fo r  a /d  << 1 and d/A << 1
2 b  =  0
where
1
A” r-l I" 2d Td cos ©n2i 511 ± - r -  s m  0 -  (  r ) J
and b = s in  11 2d
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Again the! ex p ress io n s  were d e riv ed  u sing  an in t e g r a l  equation
method and a re  v a l id  in  th e  range d ( l  + s in  0)/X < 1. E xpressions f o r
the  tran sm iss io n  and r e f l e c t i o n  c o e f f ic ie n ts  T and R a re  o b ta in ed  by
JL X
s u b s t i tu t in g  Z and Z, in to  eq u a tio n s  3.36 and 3.35 r e s p e c t iv e ly ,  a £)
For th e  case o f  6 = 0 , a more a cc u ra te  ex p ressio n  f o r  Z^ i s  
given by
C .3, Wires o f  re c ta n g u la r  c ro s s - s e c tio n
Using s im i la r  v a r ia t io n a l  techn iques  as in  the  case o f  c i r c u la r
T-network components o f th e  case o f  the  e l e c t r i c  v e c to r  p a r a l l e l  to  the  
a x is  o f  a w ire o f  re c ta n g u la r  c ro s s - s e c tio n  (see  f ig .  3 ,4  and f i g .  C.3) .  
His ex p ress io n s  a re  as fo llow s
+
c y l in d r ic a l  w ire s 9 M arcuvitz [28] o b ta in ed  ex p ressio n s  fo r  th e  e q u iv a le n t
Z id  cos 0 , d=    « in  ~—a o
Jjn2+ 2m j  s in  0
1
d ^ c o s ^ w -  ~RT
m?*0
d cos 0 
X f o r  —■ << 1
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where
ai fVl
2 ro = 2 f o ( a x
2 r  = -=• f  
1 /2
P-li U xJ
f  = — =-----------
°  E ( a r ) -  a 2F ( a ?)
1 + -----  In M-we
2 J
a
<<
a i
f  = ----------- S-----------
1 E ( a ’ ) -  <x2F (a 1)
a.^  r+rra,
~ 1 +  In
ira2 ea
«  1
a 2 = 1 -  a ' 2
F ( a ' )  and E ( a T) a re  com plete e l l i p t i c  in te g r a ls  o f  th e  f i r s t  and second 
k in d .
These ex p ress io n s  a re  v a l id  in  th e  range d ( l  + s in  0)/A < 1. 
E xpressions fo r  th e  tran sm iss io n  and r e f le c t io n  c o e f f ic ie n ts  T ^  and R ^  
are  o b ta in ed  by s u b s t i tu t in g  Z^ and Z^ in to  equations 3,36 and 3.35 
r e s p e c t iv e ly .
S im ila r ly  M arcuvitz o b ta in ed  ex p ress io n s  fo r  the e q u iv a le n t ir~ 
network components fo r  the  case o f  th e  e l e c t r i c  v e c to r  p e rp e n d ic u la r  to  
th e  a x is  o f  a w ire o f  re c ta n g u la r  c ro s s - s e c tio n  (see  f i g .  3 . 5 ) .  His 
ex p re ss io n s  fo r  the  case o f  0 = 0 a re  as fo llow s
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where
E ( a ’ ) -  a 2F(ctf )
a2 f 4lTal~ 1 + - = -  In ------
{ ea2
f 2 -  E(a)  ~ « t2F(g) 
a l E ( a ’ ) -  a 2F (a ’ )
a2fo r  —  << 1 
a i
A =
[ l  -
2 2 
]
T  -  1
F ( a ?) and E ( a f ) a re  com plete e l l i p t i c  in te g r a ls  o f th e  f i r s t  and 
second k in d .
These ex p ress io n s  a re  v a l id  in  th e  range d/A < 1. E xpressions fo r  
th e  tran sm iss io n  and r e f le c t i o n  c o e f f ic ie n ts  and R a re  o b ta in ed  by 
s u b s t i tu t in g  Bg and in to  eq u a tio n s  3 .38 and 3.37 r e s p e c t iv e ly .
C.4,  D ie le c tr ic  Cy lin d e r s
Twersky t r e a te d  th e  case o f g e n e ra l d i e l e c t r i c s .  He considered
th e  case o f a g ra tin g  o f c i r c u la r  c y lin d e rs  o f ra d iu s  a 3 p e rm e a b ility  y 1 
and p e r m i t t iv i ty  e T3 embedded in  a medium w ith  p e rm e a b ility  y and 
p e r m i t t iv i ty  s .  For a/A << l  he in d ic a te d  how c lo sed  forms could be 
o b ta in ed  and i l l u s t r a t e d  t h i s  f o r  th e  case o f pu re  media fo r  which e i th e r  
y ' = y o r  e ’ = e .
For th e  cases o f  and e f = 8 ,  and o f and y* = y 3 Twersky 
ob ta ined  the  fo llo w in g  e x p re s s io n s .
R = C F -  C F o + o “
T = 1 + C F , + C F  o + o -
where
1 +  .t — —
Ad cosQ (n2- 1) + ~ ^ ~ 2~ [3 -  n2~ (n2-  l ) l n
6A2d2
(ri2- 1) + —» (n2- 1)
6A2d2
(ri2~ l ) c o s 20
i
r\ =
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The e s s e n t i a l  f e a tu re  o f  th i s  case i s  th e  s tro n g  monopole term , 
a l l  o th e r  m u ltip o le  c o e f f ic ie n t s  b e in g  sm a lle r  by a f a c to r  o f a t  l e a s t  
4ir2a2/A2 .
For the  case o f  and y ’ = y , and o f  E/ f  and e ? = e» Twersky 
o b ta in ed  the  fo llo w in g  ex p re ss io n s .
R = i  21+a2 fn2-  ilAd cos 0 n2+ l cos 2 0 +
ir2a2
3d2”
n2-  l l
>2+  1
T =
C = 1
,  i+ a4 n2~ l 2 I4.L .  j i+ a H ri2 -  1 2s in 220
1  9d^ ji2+ 1 j A2d2cos20 Jl2+ 1
ir^a1* fn2~ 1
9cF i^ 7 " i X2d2cos20
1
C
i  2iT2a2 'n2- 1
Ad cos 0 ln2+ ij
1 + ir2a23d*
n2- i  
ti2+ 7
cos 2 0
The fe a tu re  o f  th i s  case i s  th e  s tro n g  d ip o le  te rm , b e in g  a f a c to r  
o f 4-712a2 /A2 g re a te r  than  th e  monopole o r quadrupole c o e f f ic ie n t s .
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Fig C3 Grating of wires of rectangular
cross-section
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